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This do
ument is very mu
h a work in progress. Some se
tions are more readable than others.Some 
oq proofs are starting to appear, and where they haven't there may be a (somewhathandwavey) hand proof.In Se
tion 2 we qui
kly introdu
e some general notation that we will be using.In Se
tion 3 we say de�ne a set of unnamed pat
hes, and explain what behaviour we require thatthey satisfy. We also introdu
e a 
on
ept of 
ommutation for unnamed pat
hes.In Se
tion 4 we de�ne sequen
es of unnamed, and some properties that they must satisfy.In Se
tion 5 we de�ne a subset of all the possible unnamed pat
h sequen
es, whi
h we 
all sensible.In Se
tion 6 we introdu
e names.Everything up to this point is an input to the paper. In other words, we require that we areprovided with unnamed pat
hes, unnamed pat
h 
ommute and the notion of sensible unnamedpat
h sequen
es, whi
h satisfy the properties that we spe
ify. Likewise, we require that we aregiven a suitable set of names.While it is possible to start from a lower level, and prove the 
orre
tness of the operations onunnamed pat
hes, that is not the goal of this do
ument.In Se
tion 7 we build named pat
hes out of names and unnamed pat
hes.In Se
tion ?? we build sequen
es from these named pat
hes.In Se
tion 8 we take a break from the formal de�nition, and give a des
ription of how merges (ofnon-
on�i
ting 
hanges) work.In Se
tion 9 we introdu
e the 
on
ept of pat
h universes. This is an algebrai
 stru
ture that manykinds of pat
hes are examples of.This a
tually give you all that you need in order to make a version 
ontrol system, provided thatyou never make 
on�i
ting 
hanges that you later want to merge.In Se
tion 10 we introdu
e a �
ontexted pat
h� datastru
ture.In Se
tion 12 we de�ne 
at
hes and repos, and make 
onje
tures that they satisfy properties thatwe want them to satisfy.In Se
tion 13 we prove that 
at
hes form a pat
h universe.The result is a version 
ontrol system in whi
h it is always possible to merge repos � whi
h isvital for a distributed version 
ontrol system.
oqdo
printing <�>u !u printing <�?�>u ?
!u printing 2u ǫuprinting <�> ! printing <�?�> ?

! printing 2 ǫ notation2 NotationWe write ∀a ∈ A, b ∈ B · p a b to mean �for all a in A and b in B, p a b holds�.We will be de�ning some relations whi
h relate pairs and singles of values. In order to be 
learabout what the relation is a
ting on, we will write the single value v as 〈v〉, and the pair of values
v and w as 〈v, w〉.
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There are 
ertain letters that we use to represent 
ertain types of thing. These things may not befamiliar to you yet, but you 
an refer ba
k to this se
tion as you need to later on. They are:Unnamed Pat
hes p, q, r, s, t, u, v(Named) Pat
hes p, q, r, s, t, u, vContexted pat
hes w, x, y, zCat
hes c, d, e, f , gIf we are using k to represent a thing, then we will use k to represent a sequen
e of things, and Kto represent a set of things.We use to mean �some value that we do not wish to name�. Multiple s do not ne
essarily referto the same value.We use subse
tions of itali
 text when giving intuition about what the formal des
ription means.The 
oq 
ode is typeset thus:(* Here 
omes the s
ien
e bit. Con
entrate! *)
oqdo
printing <�>u !u printing <�?�>u ?
!u printing 2u ǫuprinting <�> ! printing <�?�> ?

! printing 2 ǫ unnamed pat
hes3 Unnamed Pat
hesModule Export unnamed pat
hes.We start by introdu
ing unnamed pat
hes, and the 
on
ept of pat
h 
ommutation. For now, wewill refer to unnamed pat
hes as simply pat
hes.De�nition 3.1 (unnamed-pat
hes)We have a (possibly in�nite) set of pat
hes P.Reserved Notation "p �u" (at level 10).Reserved Notation "� p , q � <�>u � q' , p' �" (at level 60, no asso
iativity).Reserved Notation "p <�?�>u q" (at level 60, no asso
iativity).Re
ord UnnamedPat
h : Type := mkUnnamedPat
h {up type : Set;The underlining in the P and p syntax is a bit heavy, but we prefer to reserve the 
leaner syntaxfor named pat
hes.Axiom 3.1 (unnamed-pat
h-inverse)
∀p ∈ P · p−1 ∈ P.(*XXX inverse is an axiom in the latex. Maybe it shouldbe a definition?*) 3



unnamedPat
hInverse : up type → up typewhere "p �u" := (unnamedPat
hInverse p);ExplanationAll pat
hes have an inverse.unnamedPat
hInvertInverse : ∀ (p : up type), (p�u)�u = p;De�nition 3.2 (unnamed-pat
h-
ommute)There is a ←→ relation, pronoun
ed �
ommutes to�, su
h that:
∀p ∈ P, q ∈ P·
(

∃p′ ∈ P, q′ ∈ P ·
〈

p, q
〉

←→
〈

q′, p′
〉)

∨
〈

p, q
〉

←→ failunnamedPat
hCommute : up type → up type → up type → up type → Propwhere "� p , q � <�>u � q' , p' �" := (unnamedPat
hCommute p q q' p' );ExplanationWe write 〈

p, q
〉

←→
〈

q′, p′
〉 if p and q 
ommute, resulting in q′ and p′.In other words, doing

p and then q is equivalent to doing q′ and then p′, where p and p′ are morally equivalent,and likewise q and q′ are morally equivalent.For example, adding �Hello� to line 3 of a �le and then adding �World� to line 5 of the �le isequivalent to adding �World� to line 4 of the �le and then adding �Hello� to line 3 of a �le.We therefore say that 〈add �Hello� 3, add �World� 5〉 ←→ 〈add �World� 4, add �Hello� 3〉.We 
an represent this diagramati
ally thus:
p q

q′ p′Here the dots are repository states, and the arrows are pat
hes; pq and q′p′ get us from thesame state, to the same state, but via di�erent intermediate states.We write 〈

p, q
〉

←→ fail if p and q do not 
ommute. In other words, it is not possible to dothe moral equivalent of q before p.For example, 〈repla
e line 3 with �Hello� , repla
e line 3 with �World�〉 ←→ failAxiom 3.2 (unnamed-pat
h-
ommute-unique)
∀p ∈ P, q ∈ P, j ∈ (P×P) ∪ {fail} , k ∈ (P×P) ∪ {fail} ·
(
〈

p, q
〉

←→ j) ∧ (
〈

p, q
〉

←→ k)⇒ j = kUnnamedPat
hCommuteUnique :
∀ (p : up type) (q : up type)(p' : up type) (q' : up type) 4



(p� : up type) (q� : up type),�p, q� <�>u �q', p'�
∧ �p, q� <�>u �q�, p��
→ (p' = p�) ∧ (q' = q�);ExplanationEither p and q always 
ommute, or they never 
ommute. If they do 
ommute, then theresult is always the same.Now that we know that the result of a 
ommute is unique, we 
an a�ord to be a bit lax aboutquantifying over variables. For example, if we are dealing with two pat
hes p and q and we saythat 〈p, q〉←→ 〈

q′, p′
〉 then it is implied that we are 
onsidering the 
ase where p and q 
ommute,and that the result of the 
ommutation is q′ and p′.De�nition 3.3 (unnamed-pat
hes-
ommutable)We de�ne←→

?

to relate two pat
hes if they are 
ommutable, i.e. p←→
?

q ⇔ ∃p′, q′·
〈

p, q
〉

←→
〈

q′, p′
〉unnamedPat
hCommutable : up type → up type → Prop:= fun (p : up type) ⇒ fun (q : up type) ⇒(∃ p' : up type, ∃ q' : up type,�p, q� <�>u �q', p'�)where "p <�?�>u q" := (unnamedPat
hCommutable p q);unnamedPat
hCommutable de
 :

∀ (p : up type) (q : up type),{p <�?�>u q} + {�(p <�?�>u q)};Axiom 3.3 (unnamed-pat
h-
ommute-self-inverse)
∀p ∈ P, q ∈ P, p′ ∈ P, q′ ∈ P·
(
〈

p, q
〉

←→
〈

q′, p′
〉

)⇔ (
〈

q′, p′
〉

←→
〈

p, q
〉

)UnnamedPat
hCommuteSelfInverse :
∀ (p : up type) (q : up type)(p' : up type) (q' : up type),(�p, q� <�>u �q', p'�) ↔(�q', p'� <�>u �p, q�);ExplanationIf you 
ommute a pair of pat
hes, and then 
ommute them ba
k again, then you end upba
k where you started. Note also that we require that if 
ommuting one way su

eeds then
ommuting the other way also su

eeds.Axiom 3.4 (unnamed-pat
h-
ommute-square)

∀p ∈ P, q ∈ P, ∀p′ ∈ P, q′ ∈ P·
(〈

p, q
〉

←→
〈

q′, p′
〉)

⇔
(〈

q′−1, p
〉

←→
〈

p′, q−1
〉)
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UnnamedPat
hCommuteSquare :
∀ (p : up type) (q : up type)(p' : up type) (q' : up type),�p, q� <�>u �q', p'� →� q'�u, p� <�>u �p', q�u�;(* XXX UnnamedPat
hCommuteConsistent12 
opy/pasted fromunnamed pat
h sequen
es without a

ompanying text *)UnnamedPat
hCommuteConsistent1 :
∀ {p1 : up type}{q1 : up type}{r1 : up type}{q2 : up type}{r2 : up type}{q3 : up type}{r3 : up type}{p3 : up type}{p5 : up type},�q1, r1� <�>u �r2, q2�

→ �p1, q1� <�>u �q3, p5�
→ �p5, r1� <�>u �r3, p3�
→ ∃ r4 : up type,
∃ q4 : up type,
∃ p6 : up type,�q3, r3� <�>u �r4, q4� ∧�p1, r2� <�>u �r4, p6� ∧�p6, q2� <�>u �q4, p3�;UnnamedPat
hCommuteConsistent2 :
∀ {p3 : up type}{q3 : up type}{r3 : up type}{q4 : up type}{r4 : up type}{q1 : up type}{r1 : up type}{p1 : up type}{p5 : up type},�q3, r3� <�>u �r4, q4�

→ �r3, p3� <�>u �p5, r1�
→ �q3, p5� <�>u �p1, q1�
→ ∃ r2 : up type,
∃ q2 : up type,
∃ p6 : up type,�q1, r1� <�>u �r2, q2� ∧�q4, p3� <�>u �p6, q2� ∧�r4, p6� <�>u �p1, r2�}. ExplanationAxiom 3.1 tells us that all pat
hes have an inverse. Therefore we 
an augment our pat
h
ommutation diagram with inverse pat
hes:6



p

p−1

q

q−1

q′

q′−1

p′

p′−1

This axiom tells us that we 
an rotate the diagram 90 degrees 
lo
kwise and we again havea valid 
ommutation diagram. The arrows from left to right along the top are q′−1p andalong the bottom are p′q−1, thus 〈q′−1, p
〉

←→
〈

p′, q−1
〉.In a
tual fa
t, by applying this axiom twi
e or three times, we 
an see that all four of therotations are equivalent, and thus 〈p′−1, q′−1

〉

←→
〈

q−1, p−1
〉 and 〈

q, p′−1
〉

←→
〈

p−1, q′
〉.Notation "p �u" := (unnamedPat
hInverse p).Notation "� p , q � <�>u � q' , p' �" := (unnamedPat
hCommute p q q' p' ).Notation "p <�?�>u q" := (unnamedPat
hCommutable p q).End unnamed pat
hes.
oqdo
printing <�>u !u printing <�?�>u ?

!u printing 2u ǫuprinting <�> ! printing <�?�> ?
! printing 2 ǫ unnamed pat
h sequen
es4 Unnamed Pat
h Sequen
esModule Export pat
h sequen
es.Require Import unnamed pat
hes.De�nition 4.1 (unnamed-pat
h-sequen
es)We write the empty sequen
e of unnamed pat
hes as ǫ.We 
ompose unnamed pat
h sequen
es with juxtaposition.De�nition 4.2 (unnamed-pat
h-sequen
e-
ommute)We extend ←→ to work with 
ombinations of pat
hes and pat
h sequen
es in the natural way:Commuting a pat
h with a sequen
e:

〈

p, ǫ
〉

←→
〈

ǫ, p
〉

〈

p, qr
〉

←→
〈

q′r
′

, p′
〉if 〈p, q〉←→ 〈

q′, p′′
〉

〈

p′′, r
〉

←→
〈

r
′

, p′
〉Commuting a sequen
e with a pat
h:
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〈

ǫ, p
〉

←→
〈

p, ǫ
〉

〈

pq, r
〉

←→
〈

r′, p
′

q′
〉if 〈q, r〉←→ 〈

r′′, q′
〉

〈

p, r′′
〉

←→
〈

r′, p
′

〉Commuting a sequen
e with another sequen
e:
〈

p, ǫ
〉

←→
〈

ǫ, p
〉

〈

ǫ, p
〉

←→
〈

p, ǫ
〉

〈

pq, rs
〉

←→
〈

r′′s
′′

, p
′′

q′′
〉if 〈q, r〉←→ 〈

r′, q′
〉

〈

p, r′
〉

←→
〈

r′′, p
′

〉

〈

q′, s
〉

←→
〈

s
′

, q′′
〉

〈

p
′

, s
′

〉

←→
〈

s
′′

, p
′′

〉Note that the �rst two de�nitions are degenerate 
ases of the third.In all 
ases, if the above rules don't apply the 
ommute fails.Axiom 4.1 (unnamed-pat
h-
ommute-preserves-
ommute)
∀p ∈ P, q ∈ P, r ∈ P, p′ ∈ P, q′ ∈ P, r′ ∈ P·
(〈

p, qr
〉

←→
〈

q′r′, p′
〉)

⇒
((

q ←→
?

r
)

⇔
(

q′ ←→
?

r′
))ExplanationThis axiom says that if two pat
hes 
ommute then they still 
ommute if you 
ommute some-thing else past both of them.Likewise, if two pat
hes do not 
ommute, then they still do not 
ommute after 
ommutingsomething else past them.Axiom 4.2 (unnamed-pat
h-
ommute-
onsistent)

∀p ∈ P, q ∈ P, r ∈ P, p′ ∈ P, q′ ∈ P, r′ ∈ P·
(〈

q, r
〉

←→
〈

r′, q′
〉)

⇒
((〈

p, qr
〉

←→
〈

, p′
〉)

⇔
(〈

p, r′q′
〉

←→
〈

, p′
〉))Axiom UnnamedPat
hCommuteConsistent1 :

∀ {unnamedPat
h : UnnamedPat
h}{p1 : up type unnamedPat
h}{q1 : up type unnamedPat
h}{r1 : up type unnamedPat
h}{q2 : up type unnamedPat
h}{r2 : up type unnamedPat
h}{q3 : up type unnamedPat
h}{r3 : up type unnamedPat
h}{p3 : up type unnamedPat
h}{p5 : up type unnamedPat
h},�q1, r1� <�>u �r2, q2�
→ �p1, q1� <�>u �q3, p5�
→ �p5, r1� <�>u �r3, p3�
→ (∃ r4 : up type unnamedPat
h,(∃ q4 : up type unnamedPat
h,(∃ p6 : up type unnamedPat
h,�q3, r3� <�>u �r4, q4� ∧�p1, r2� <�>u �r4, p6� ∧ 8



�p6, q2� <�>u �q4, p3�))).Axiom UnnamedPat
hCommuteConsistent2 :
∀ {unnamedPat
h : UnnamedPat
h}{p3 : up type unnamedPat
h}{q3 : up type unnamedPat
h}{r3 : up type unnamedPat
h}{q4 : up type unnamedPat
h}{r4 : up type unnamedPat
h}{q1 : up type unnamedPat
h}{r1 : up type unnamedPat
h}{p1 : up type unnamedPat
h}{p5 : up type unnamedPat
h},�q3, r3� <�>u �r4, q4�

→ �r3, p3� <�>u �p5, r1�
→ �q3, p5� <�>u �p1, q1�
→ (∃ r2 : up type unnamedPat
h,(∃ q2 : up type unnamedPat
h,(∃ p6 : up type unnamedPat
h,�q1, r1� <�>u �r2, q2� ∧�q4, p3� <�>u �p6, q2� ∧�r4, p6� <�>u �p1, r2�))).ExplanationThis axiom says that 
ommuting a pat
h p past two pat
hes qr gives you the same pat
h p′regardless of whether q and r have been 
ommuted or not.End pat
h sequen
es.5 Sensible Unnamed Pat
h Sequen
esDe�nition 5.1 (sensible-sequen
es)We 
lassify some unnamed pat
h sequen
es as sensible.ExplanationFor example, the sequen
e `add �le foo; insert �hello world� into foo' is sensible, whereas`insert �hello world� into foo' is not sensible, as it doesn't make sense to insert text into a�le without �rst adding the �le.Axiom 5.1 (doing-nothing-is-sensible)

ǫ is sensible.ExplanationIf you haven't done anything then you 
ertainly haven't done anything that isn't sensible.Axiom 5.2 (sensible-subsequen
es)If pq is sensible then p is sensible.ExplanationIf you are doing sensible things, then you 
an stop at any time, and the rseult will be sensible.9



Axiom 5.3 (
ommute-preserves-sensibility)If pqrs is sensible and 〈

q, r
〉

←→
〈

r′, q′
〉, then pr′q′s is sensible.ExplanationCommuting pat
hes maintains sensibility.Axiom 5.4 (sensible-inverse)If pq is sensible then pqq−1 is sensible.ExplanationUndoing pat
hes takes us ba
k to an earlier sensible situation.
oqdo
printing <�>u !u printing <�?�>u ?

!u printing 2u ǫuprinting <�> ! printing <�?�> ?
! printing 2 ǫ names6 NamesModule Export names.Require Import Coq.MSets.MSets.Require Import Coq.Stru
tures.Orders.Require Import Coq.Stru
tures.OrdersAlt.De�nition 6.1 (names)We have a (possibly in�nite) set of names N.Parameter Name : Set.Parameter Name 
ompare : Name → Name → 
omparison.Parameter Name 
ompare sym : ∀ {x y : Name},Name 
ompare y x = CompOpp (Name 
ompare x y).Parameter Name 
ompare trans : ∀ {
 : 
omparison}{x y z : Name},Name 
ompare x y = 

→ Name 
ompare y z = 

→ Name 
ompare x z = 
.Parameter Name eq leibniz : ∀ {s s' : Name},Name 
ompare s s' = Eq

→ s = s'.De�nition 6.2 (names-signed)We say that a name is either positive or negative.Indu
tive Sign : Set:= Positive | Negative.Indu
tive SignedName : Set:= MkSignedName : ∀ (s : Sign)(n : Name),SignedName.Definition SignedName 
ompare (x y : SignedName) : 
omparison10



:= mat
h x, y with
| MkSignedName Negative , MkSignedName Positive ⇒ Lt
| MkSignedName Positive , MkSignedName Negative ⇒ Gt
| MkSignedName Negative x', MkSignedName Negative y' ⇒ Name 
ompare y' x'
| MkSignedName Positive x', MkSignedName Positive y' ⇒ Name 
ompare x' y'end.Lemma SignedName 
ompare sym : ∀ {x y : SignedName},SignedName 
ompare y x = CompOpp(SignedName 
ompare x y).Proof with auto.intros.destru
t x as [sx nx ℄.destru
t y as [sy ny ℄.destru
t sx ; destru
t sy ;unfold SignedName 
ompare; auto; apply Name 
ompare sym.Qed.Lemma SignedName 
ompare trans :

∀ 
 x y z,(SignedName 
ompare x y) = 

→ (SignedName 
ompare y z) = 

→ (SignedName 
ompare x z) = 
.Proof with auto.intros.destru
t x as [sx nx ℄.destru
t y as [sy ny ℄.destru
t z as [sz nz ℄.destru
t sx ; destru
t sy ; destru
t sz ;unfold SignedName 
ompare in ×...apply (Name 
ompare trans H H0 ).
ongruen
e.
ongruen
e.apply (Name 
ompare trans H0 H ).Qed.Lemma SignedName eq leibniz :
∀ {x y : SignedName},SignedName 
ompare x y = Eq → x = y.Proof with auto.intros.destru
t x as [sx nx ℄.destru
t y as [sy ny ℄.destru
t sx ; destru
t sy ;unfold SignedName 
ompare in ×.apply Name eq leibniz in H.subst...
ongruen
e.
ongruen
e.apply Name eq leibniz in H.subst...Qed.
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ExplanationHere's some intuition for what this means: When you re
ord a pat
h in 
amp, the pat
hname is positive (think: it adds something to the repo). If you roll ba
k that pat
h, then
amp makes the 
orresponding negative pat
h (whi
h removes something from the repo).Axiom 6.1 (names-invertible)
∀j ∈ N · j−1 ∈ N.Definition signedNameInverse (n : SignedName) : SignedName:= mat
h n with

| MkSignedName Positive b ⇒ MkSignedName Negative b
| MkSignedName Negative b ⇒ MkSignedName Positive bend.Lemma nameInverseInverse : ∀ (sn : SignedName), signedNameInverse (signedNameInverse sn) =sn.Proof with auto.intros.destru
t sn.destru
t s...Qed.Lemma namesInverseInje
tive: ∀ (sn1 : SignedName) (sn2 : SignedName),signedNameInverse sn1 = signedNameInverse sn2 → sn1 = sn2.Proof with auto.intros.destru
t sn1 ;destru
t s ;destru
t sn2 ;destru
t s ;unfold signedNameInverse in *;inversion H...Qed.ExplanationNames have an inverse.Axiom 6.2 (name-inverse-sign)If j ∈ N is positive then j−1 is negative. If j ∈ N is negative then j−1 is positive.(* XXX TODO *)ExplanationThe inverse of a normal pat
h is a rollba
k, and vi
e-versa.Module NameOrderedTypeAlt.Definition t := Name.Definition 
ompare := Name 
ompare.Definition 
ompare sym := �Name 
ompare sym.Definition 
ompare trans := �Name 
ompare trans.End NameOrderedTypeAlt.Module NameOrderedType := OT from Alt(NameOrderedTypeAlt).Module NameOrderedTypeWithLeibniz. 12



In
lude NameOrderedType.Definition eq leibniz := �Name eq leibniz.End NameOrderedTypeWithLeibniz.ModuleNameSetMod :=MSetList.MakeWithLeibniz(NameOrderedTypeWithLeibniz).Notation NameSet := (NameSetMod.t).Notation NameSetIn := (NameSetMod.In).Notation NameSetAdd := (NameSetMod.add).Notation NameSetRemove := (NameSetMod.remove).Notation NameSetEqual := (NameSetMod.Equal).Module NameSetDe
 := WDe
ide (NameSetMod).Lta
 nameSetDe
 := NameSetDe
.fsetde
.Definition NameSetEquality {s s' : NameSet}(H : NameSetEqual s s' ): s = s':= NameSetMod.eq leibniz H.Lemma NameSet eq de
 : ∀ (x y : NameSet),{x = y} + {x 6= y}.Proof with auto.intros.destru
t (NameSetMod.eq de
 x y).left.apply NameSetEquality...right.intro.subst.elim n.reflexivity.Qed.Module SignedNameOrderedTypeAlt.Definition t := SignedName.Definition 
ompare := SignedName 
ompare.Definition 
ompare sym := �SignedName 
ompare sym.Definition 
ompare trans := �SignedName 
ompare trans.End SignedNameOrderedTypeAlt.Module SignedNameOrderedType := OT from Alt(SignedNameOrderedTypeAlt).Module SignedNameOrderedTypeWithLeibniz.In
lude SignedNameOrderedType.Definition eq leibniz := �SignedName eq leibniz.End SignedNameOrderedTypeWithLeibniz.Module SignedNameSetMod :=MSetList.MakeWithLeibniz(SignedNameOrderedTypeWithLeibniz).Notation SignedNameSet := (SignedNameSetMod.t).Notation SignedNameSetIn := (SignedNameSetMod.In).Notation SignedNameSetAdd := (SignedNameSetMod.add).Notation SignedNameSetRemove := (SignedNameSetMod.remove).Notation SignedNameSetEqual := (SignedNameSetMod.Equal).Module SignedNameSetDe
 := WDe
ide (SignedNameSetMod).Lta
 signedNameSetDe
 := SignedNameSetDe
.fsetde
.Definition SignedNameSetEquality {s s' : SignedNameSet}13



(H : SignedNameSetEqual s s' ): s = s':= SignedNameSetMod.eq leibniz H.Lemma SignedNameSet eq de
 : ∀ (x y : SignedNameSet),{x = y} + {x 6= y}.Proof with auto.intros.destru
t (SignedNameSetMod.eq de
 x y).left.apply SignedNameSetEquality...right.intro.subst.elim n.reflexivity.Qed.End names.
oqdo
printing <�>u !u printing <�?�>u ?
!u printing 2u ǫuprinting <�> ! printing <�?�> ?

! printing 2 ǫ named pat
hes7 Named pat
hesModule Export named pat
hes.Require Import Equality.Require Import ProofIrrelevan
e.Require Import unnamed pat
hes.Require Import names.Require Import pat
h universes.Require Import invertible pat
hlike.Rather than working dire
tly with unnamed pat
hes, we will work with named pat
hes. A namedpat
h is built out of a name and an unnamed pat
h. For the motivation for this de
ision, seeAppendix B.De�nition 7.1 (named-pat
hes)If j ∈ N and p ∈ P, then Jj, pK is a named pat
h.We de�ne a (possibly in�nite) set of named pat
hes P thus: ∀j ∈ N, p ∈ P · Jj, pK ∈ P.Re
ord NamedPat
h (unnamedPat
h : UnnamedPat
h)(from to : NameSet) : Type := mkNamedPat
h {np unnamedPat
h : up type unnamedPat
h;np name : SignedName;np nameOK : pat
hNamesOK from to np name14



}.Impli
it Arguments np unnamedPat
h [unnamedPat
h from to℄.Impli
it Arguments np name [unnamedPat
h from to℄.Impli
it Arguments np nameOK [unnamedPat
h from to℄.Impli
it Arguments mkNamedPat
h [unnamedPat
h from to℄.From here on, the unquali�ed term �pat
hes� will refer to named pat
hes.De�nition 7.2 (pat
h-name)We de�ne n to tell us the name of a pat
h, i.e. n (q
j, p

y)
= j.De�nition 7.3 (unnamed-pat
h-of)We de�ne ⌊p⌋ to tell us the unnamed pat
h of a pat
h, i.e. ⌊qj, qy⌋ = q.De�nition 7.4 (named-pat
h-inverse)q

j, p
y
−1 =

q
j−1, p−1

yExplanationThe inverse of a named pat
h has the inverse name, and the inverse e�e
t.(* XXX Should this be elsewhere?: *)Lemma pat
hNamesOKInverse : ∀ {from to : NameSet}{n : SignedName}(namesOK : pat
hNamesOK from to n),pat
hNamesOK to from (signedNameInverse n).Proof with auto.intros.destru
t n.destru
t s.simpl.destru
t namesOK.split...simpl.destru
t namesOK.split...Qed.Definition namedPat
hInverse {unnamedPat
h : UnnamedPat
h}{from to : NameSet}(p : NamedPat
h unnamedPat
h from to): NamedPat
h unnamedPat
h to from(* XXX Shouldn't unnamedPat
hInverse's first argument be impli
it? *):= mkNamedPat
h (unnamedPat
hInverse (np unnamedPat
h p))(signedNameInverse (np name p))(pat
hNamesOKInverse (np nameOK p)).Notation "p �" := (namedPat
hInverse p)(at level 10).De�nition 7.5 (named-pat
h-
ommute)We extend ←→ to named pat
hes thus:
(〈q

j, p
y
,
q
k, q

y〉
←→

〈q
k, q′

y
,
q
j, p′

y〉)
⇔ (j 6= k) ∧

(

j 6= k−1
)

∧ (〈p, q〉 ←→ 〈q′, p′〉)15



Indu
tive namedPat
hCommute {unnamedPat
h : UnnamedPat
h}{from mid1 mid2 to : NameSet}: NamedPat
h unnamedPat
h from mid1
→ NamedPat
h unnamedPat
h mid1 to
→ NamedPat
h unnamedPat
h from mid2
→ NamedPat
h unnamedPat
h mid2 to
→ Prop:= MkNamedPat
hCommute : ∀ (up : up type unnamedPat
h) (uq : up type unnamed-Pat
h) (up' : up type unnamedPat
h) (uq' : up type un-namedPat
h) (np : SignedName) (nq : SignedName)(not equal : np 6= nq)(not inverse : np 6= signedNameInverse nq)(pOK : pat
hNamesOK from mid1 np)(qOK : pat
hNamesOK mid1 to nq)(q'OK : pat
hNamesOK from mid2 nq)(p'OK : pat
hNamesOK mid2 to np),unnamedPat
hCommute unnamedPat
h up uq uq' up'
→ namedPat
hCommute (mkNamedPat
h up np pOK )(mkNamedPat
h uq nq qOK )(mkNamedPat
h uq' nq q'OK )(mkNamedPat
h up' np p'OK ).Notation "� p , q � <�> � q' , p' �":= (namedPat
hCommute p q q' p' )(at level 60, no asso
iativity).ExplanationNamed pat
hes do not 
ommute with themself or their inverse. Other than that, they 
om-mute i� their unnamed pat
hes 
ommute.Lemma 7.1 (named-pat
h-
ommute-unique)

∀p ∈ P, q ∈ P, j ∈ (P×P) ∪ {fail} , k ∈ (P×P) ∪ {fail} ·
(〈p, q〉 ←→ j) ∧ (〈p, q〉 ←→ k)⇒ j = k(* We have to split this into 2 parts in the 
oq, as we 
an'tdire
tly say that q' = q� as they have different types. *)Lemma NamedPat
hCommuteUnique1 :

∀ {unnamedPat
h : UnnamedPat
h}{from mid mid' mid� to : NameSet}{p : NamedPat
h unnamedPat
h from mid} {q : NamedPat
h unnamedPat
hmid to} {q' : NamedPat
h unnamedPat
h from mid'} {p' : NamedPat
h unnamed-Pat
h mid' to}{q� : NamedPat
h unnamedPat
h from mid�} {p� : NamedPat
h unnamed-Pat
h mid� to},�p, q� <�> �q', p'�
→ �p, q� <�> �q�, p��
→ (mid' = mid�).Proof with auto.intros unnamedPat
h from mid mid' mid� to p q q' p' q� p� 
ommute' 
ommute�.dependent destru
tion 
ommute'. 16



dependent destru
tion 
ommute�.assert (NameSetEqual mid' mid�).
lear - q'OK q'OK0.destru
t nq.destru
t s.unfold pat
hNamesOK in ×.inversion 
lear q'OK.inversion 
lear q'OK0.nameSetDe
.unfold pat
hNamesOK in ×.admit.(* nameSetDe
. *)apply NameSetEquality...Qed.Lemma NamedPat
hCommuteUnique2 :
∀ {unnamedPat
h : UnnamedPat
h}{from mid mid' to : NameSet}{p : NamedPat
h unnamedPat
h from mid} {q : NamedPat
h unnamedPat
hmid to} {q' : NamedPat
h unnamedPat
h from mid'} {p' : NamedPat
h unnamed-Pat
h mid' to}{q� : NamedPat
h unnamedPat
h from mid'} {p� : NamedPat
h unnamed-Pat
h mid' to},�p, q� <�> �q', p'�

→ �p, q� <�> �q�, p��
→ (p' = p�) ∧ (q' = q�).Proof with auto.intros u from mid mid' to p q q' p' q� p� 
ommute' 
ommute�.dependent destru
tion 
ommute'.dependent destru
tion 
ommute�.assert (up' = up'0 ∧ uq' = uq'0 ).apply (UnnamedPat
hCommuteUnique u up uq)...assert (p'OK = p'OK0 ).apply proof irrelevan
e.assert (q'OK = q'OK0 ).apply proof irrelevan
e.inversion H1.subst...Qed.ExplanationThis is Axiom 3.2 restated for named pat
hes.ProofIf n (p) = n (q) or n (p) = n (q)−1 then j = k = fail.Otherwise the result follows from Axiom 3.2 applied to the 
ommute of the unnamedpat
hes.De�nition 7.6 (named-pat
hes-
ommutable)We extend ←→

?

to relate two named pat
hes if they are 
ommutable, i.e.
p←→

?

q ⇔ ∃p′, q′ · 〈p, q〉 ←→ 〈q′, p′〉 17



Definition namedPat
hCommutable {unnamedPat
h : UnnamedPat
h}{from mid1 to : NameSet}(p : NamedPat
h unnamedPat
h from mid1 )(q : NamedPat
h unnamedPat
h mid1 to) : Prop:= ∃ mid2 : NameSet,
∃ q' : NamedPat
h unnamedPat
h from mid2,
∃ p' : NamedPat
h unnamedPat
h mid2 to,�p, q� <�> �q', p'�.Notation "p <�?�> q" := (namedPat
hCommutable p q)(at level 60, no asso
iativity).Lemma namedPat
hCommutable de
 :
∀ {unnamedPat
h : UnnamedPat
h}{from mid to : NameSet}(p : NamedPat
h unnamedPat
h from mid)(q : NamedPat
h unnamedPat
h mid to),{p <�?�> q} + {�(p <�?�> q)}.Proof with auto.intros.dependent destru
tion p.dependent destru
tion q.rename np name0 into snp.rename np name1 into snq.rename np unnamedPat
h0 into up.rename np unnamedPat
h1 into uq.destru
t (SignedNameOrderedTypeWithLeibniz.eq de
 snp snq).(* This is the 
ase where the two pat
hes have the same name *)right.intro.dependent destru
tion H.dependent destru
tion H.dependent destru
tion H.dependent destru
tion H.apply SignedName eq leibniz in e.
ongruen
e.destru
t (SignedNameOrderedTypeWithLeibniz.eq de
 snp (signedNameInverse snq)).(* This is the 
ase where the two pat
hes have inverse names *)right.intro.dependent destru
tion H.dependent destru
tion H.dependent destru
tion H.dependent destru
tion H.apply SignedName eq leibniz in e.
ongruen
e.(* In the remaining 
ases, whether the named pat
hes 
ommute isdetermined by whether the unnamed pat
hes 
ommute *)destru
t (unnamedPat
hCommutable de
 unnamedPat
h up uq).(* This is the 
ase where the unnamed pat
hes 
ommute *)left.unfold namedPat
hCommutable.dependent destru
tion u.dependent destru
tion H. 18



rename x into up', x0 into uq'.destru
t snq.rename s into sq, n1 into nq.(* XXX Can we get 
oq to leave this for us?: *)set (snq := MkSignedName sq nq).destru
t snp.rename s into sp, n1 into np.(* XXX Can we get 
oq to leave this for us?: *)set (snp := MkSignedName sp np).destru
t sq.(* This is the 
ase where q is a positive pat
h *)remember (NameSetAdd nq from) as oq.
∃ oq.assert (q'OK : pat
hNamesOK from oq snq).destru
t sp.simpl in ×.split.nameSetDe
.nameSetDe
.simpl in ×.subst. (* XXX Shouldn't be needed *)split.admit.(* nameSetDe
. *)nameSetDe
.
∃ (mkNamedPat
h uq' snq q'OK ).assert (p'OK : pat
hNamesOK oq to snp).destru
t sp.simpl in ×.subst. (* XXX Shouldn't be needed *)split.
lear - np nameOK0 n.admit. (* nameSetDe
. *)
lear - np nameOK0 np nameOK1.nameSetDe
.simpl in ×.subst. (* XXX Shouldn't be needed *)split.
lear - np nameOK0 np nameOK1 n0.admit. (* nameSetDe
. *)
lear - np nameOK0 np nameOK1 n0.nameSetDe
.
∃ (mkNamedPat
h up' snp p'OK ).apply MkNamedPat
hCommute...admit.admit.(* This is the 
ase where q is a negative pat
h *)remember (NameSetRemove nq from) as oq.

∃ oq.assert (q'OK : pat
hNamesOK from oq snq).destru
t sp.simpl in ×. 19



subst. (* XXX Shouldn't be needed *)split.nameSetDe
.admit. (* nameSetDe
. *)simpl in ×.subst. (* XXX Shouldn't be needed *)split.nameSetDe
.admit. (* nameSetDe
. *)
∃ (mkNamedPat
h uq' snq q'OK ).assert (p'OK : pat
hNamesOK oq to snp).destru
t sp.simpl in ×.subst. (* XXX Shouldn't be needed *)split.nameSetDe
.destru
t np nameOK0 as [? HX1 ℄.destru
t np nameOK1 as [? HX2 ℄.destru
t q'OK as [? HX3 ℄.assert (HX4 : NameSetIn nq from).
lear - HX3.nameSetDe
.
lear - HX1 HX2 HX4 n0 H1.admit. (* nameSetDe
. *)simpl in ×.subst. (* XXX Shouldn't be needed *)split.nameSetDe
.destru
t np nameOK0 as [? HX1 ℄.destru
t np nameOK1 as [? HX2 ℄.
lear - HX1 HX2 H0 H1 n.admit. (* nameSetDe
. *)
∃ (mkNamedPat
h up' snp p'OK ).apply MkNamedPat
hCommute...admit.admit.(* This is the 
ase where the unnamed pat
hes do not 
ommute *)right.intro.dependent destru
tion H.dependent destru
tion H.dependent destru
tion H.dependent destru
tion H.assert (up <�?�>u uq).unfold unnamedPat
hCommutable.
∃ up'.
∃ uq'...
ongruen
e.Qed.Lemma 7.2 (named-pat
h-
ommute-self-inverse)

∀p ∈ P, q ∈ P, p′ ∈ P, q′ ∈ P·
(〈p, q〉 ←→ 〈q′, p′〉)⇔ (〈q′, p′〉 ←→ 〈p, q〉) 20



Lemma NamedPat
hCommuteSelfInverse :
∀ {unnamedPat
h : UnnamedPat
h}{from mid1 mid2 to : NameSet}{p : NamedPat
h unnamedPat
h from mid1}{q : NamedPat
h unnamedPat
h mid1 to}{q' : NamedPat
h unnamedPat
h from mid2}{p' : NamedPat
h unnamedPat
h mid2 to}(namedCommute : �p, q� <�> �q', p'�),(�q', p'� <�> �p, q�).Proof with auto.intros.destru
t namedCommute.apply UnnamedPat
hCommuteSelfInverse in H.apply MkNamedPat
hCommute...intro.elim not inverse.apply namesInverseInje
tive.rewrite nameInverseInverse...Qed.ExplanationThis is Axiom 3.3 restated for named pat
hes.ProofIf n (p) = n (q) or n (p) = n (q)−1 then both 
ommutes fail, so the result holds.Otherwise the result follows from Axiom 3.3 applied to the 
ommute of the unnamedpat
hes.Lemma 7.3 (named-pat
h-
ommute-square)

∀p ∈ P, q ∈ P, ∀p′ ∈ P, q′ ∈ P·
(〈p, q〉 ←→ 〈q′, p′〉)⇔

(〈

q′−1, p
〉

←→
〈

p′, q−1
〉)ExplanationThis is Axiom 3.4 restated for named pat
hes.ProofIf n (p) = n (q) or n (p) = n (q)−1 then both 
ommutes fail, so the result holds.Otherwise the result follows from Axiom 3.4 applied to the 
ommute of the unnamedpat
hes.(* XXX Move this somewhere more general *)Lemma monotoni
Neq : ∀ {t u : Set}(f : t → u)(x y : t),(f x 6= f y)

→ (x 6= y).Proof.intros.intro.elim H. 21



subst.auto.Qed.Lemma NamedPat
hCommuteSquare :
∀ {unnamedPat
h : UnnamedPat
h}{o op oq opq : NameSet}{p : NamedPat
h unnamedPat
h o op}{q : NamedPat
h unnamedPat
h op opq}{q' : NamedPat
h unnamedPat
h o oq}{p' : NamedPat
h unnamedPat
h oq opq},�p, q� <�> �q', p'� →� q'�, p� <�> �p', q��.Proof with auto.intros.destru
t H.apply UnnamedPat
hCommuteSquare in H.
onstru
tor.simpl...simpl.apply (monotoni
Neq signedNameInverse).rewrite nameInverseInverse.rewrite nameInverseInverse...simpl...Qed.(* XXX NamedPat
hCommuteConsistent12 
opy/pasted frompat
h sequen
es without the a

ompanying text *)Lemma NamedPat
hCommuteConsistent1 :

∀ {unnamedPat
h : UnnamedPat
h}{o op opq opqr opr oq oqr : NameSet}{p1 : NamedPat
h unnamedPat
h o op}{q1 : NamedPat
h unnamedPat
h op opq}{r1 : NamedPat
h unnamedPat
h opq opqr}{q2 : NamedPat
h unnamedPat
h opr opqr}{r2 : NamedPat
h unnamedPat
h op opr}{q3 : NamedPat
h unnamedPat
h o oq}{r3 : NamedPat
h unnamedPat
h oq oqr}{p3 : NamedPat
h unnamedPat
h oqr opqr}{p5 : NamedPat
h unnamedPat
h oq opq},�q1, r1� <�> �r2, q2�
→ �p1, q1� <�> �q3, p5�
→ �p5, r1� <�> �r3, p3�
→ (∃ or : NameSet,(∃ r4 : NamedPat
h unnamedPat
h o or,(∃ q4 : NamedPat
h unnamedPat
h or oqr,(∃ p6 : NamedPat
h unnamedPat
h or opr,�q3, r3� <�> �r4, q4� ∧�p1, r2� <�> �r4, p6� ∧�p6, q2� <�> �q4, p3�)))).Proof with auto. 22



intros unnamedPat
h o op opq opqr opr oq oqr p1 q1 r1 q2 r2 q3 r3 p3 p5q1 r1 
ommutes r2 q2p1 q1 
ommutes q3 p5p5 r1 
ommutes r2 p3.dependent destru
tion q1 r1 
ommutes r2 q2.dependent destru
tion p1 q1 
ommutes q3 p5.dependent destru
tion p5 r1 
ommutes r2 p3.rename nq into nr.rename np into nq.rename np0 into np.destru
t np as [sp np℄.destru
t nq as [sq nq ℄.destru
t nr as [sr nr ℄.(* XXX Can we get 
oq to leave these for us?: *)set (snr := MkSignedName sr nr).set (snq4 := MkSignedName sq nq).set (snp6 := MkSignedName sp np).destru
t (UnnamedPat
hCommuteConsistent1 H H0 H1 )as [r4 [q4 [p6 [H3 [H4 H5 ℄℄℄℄℄.destru
t sr.(* This is the 
ase where r is a positive pat
h *)remember (NameSetAdd nr o) as or.
∃ or.assert (snrPat
hNamesOK : pat
hNamesOK o or snr).subst.simpl in ×.split.
lear - q'OK pOK0 not equal1 not inverse1.destru
t sp.nameSetDe
.admit. (* nameSetDe
. *)
lear.nameSetDe
.
∃ (mkNamedPat
h r4 snr snrPat
hNamesOK ).assert (q4Pat
hNamesOK : pat
hNamesOK or oqr snq4 ).subst.simpl in ×.destru
t sq.split.
lear - not equal q'OK0.admit. (* nameSetDe
. *)
lear - q'OK1 q'OK0.nameSetDe
.split.
lear - not inverse q'OK1 q'OK0.admit. (* nameSetDe
. *)
lear - not inverse q'OK1 q'OK0.nameSetDe
.
∃ (mkNamedPat
h q4 snq4 q4Pat
hNamesOK ).assert (p6Pat
hNamesOK : pat
hNamesOK or opr snp6 ).subst.simpl in ×. 23



destru
t sp.split.
lear - pOK0 not equal1.admit. (* nameSetDe
. *)
lear - q'OK pOK0.nameSetDe
.split.
lear - pOK0 q'OK not inverse1.admit. (* nameSetDe
. *)
lear - pOK0 q'OK not inverse1.nameSetDe
.
∃ (mkNamedPat
h p6 snp6 p6Pat
hNamesOK ).split.apply MkNamedPat
hCommute...split.apply MkNamedPat
hCommute...apply MkNamedPat
hCommute...(* This is the 
ase where r is a negative pat
h *)remember (NameSetRemove nr o) as or.

∃ or.assert (snrPat
hNamesOK : pat
hNamesOK o or snr).subst.simpl in ×.split.
lear.nameSetDe
.assert (HX : NameSetIn nr o).
lear - q'OK pOK0 not equal1 not inverse1.destru
t sp.admit. (* nameSetDe
. *)nameSetDe
.
lear - HX.admit. (* nameSetDe
. *)
∃ (mkNamedPat
h r4 snr snrPat
hNamesOK ).assert (q4Pat
hNamesOK : pat
hNamesOK or oqr snq4 ).subst.simpl in ×.destru
t sq.split.
lear - q'OK0.nameSetDe
.
lear - not inverse q'OK1 q'OK0.admit. (* nameSetDe
. *)split.
lear - q'OK1 q'OK0.nameSetDe
.
lear - q'OK1 q'OK0.admit. (* nameSetDe
. *)
∃ (mkNamedPat
h q4 snq4 q4Pat
hNamesOK ).assert (p6Pat
hNamesOK : pat
hNamesOK or opr snp6 ).subst.simpl in ×. 24



destru
t sp.split.
lear - pOK0.nameSetDe
.
lear - q'OK pOK0 not inverse1.admit. (* nameSetDe
. *)split.
lear - pOK0 q'OK.nameSetDe
.
lear - pOK0 q'OK.admit. (* nameSetDe
. *)
∃ (mkNamedPat
h p6 snp6 p6Pat
hNamesOK ).split.apply MkNamedPat
hCommute...split.apply MkNamedPat
hCommute...apply MkNamedPat
hCommute...Qed.Lemma NamedPat
hCommuteConsistent2 :

∀ {unnamedPat
h : UnnamedPat
h}{o op opq opqr or oq oqr : NameSet}{q3 : NamedPat
h unnamedPat
h o oq}{r3 : NamedPat
h unnamedPat
h oq oqr}{p3 : NamedPat
h unnamedPat
h oqr opqr}{q4 : NamedPat
h unnamedPat
h or oqr}{r4 : NamedPat
h unnamedPat
h o or}{p1 : NamedPat
h unnamedPat
h o op}{q1 : NamedPat
h unnamedPat
h op opq}{r1 : NamedPat
h unnamedPat
h opq opqr}{p5 : NamedPat
h unnamedPat
h oq opq},�q3, r3� <�> �r4, q4�
→ �r3, p3� <�> �p5, r1�
→ �q3, p5� <�> �p1, q1�
→ (∃ opr : NameSet,(∃ r2 : NamedPat
h unnamedPat
h op opr,(∃ q2 : NamedPat
h unnamedPat
h opr opqr,(∃ p6 : NamedPat
h unnamedPat
h or opr,�q1, r1� <�> �r2, q2� ∧�q4, p3� <�> �p6, q2� ∧�r4, p6� <�> �p1, r2�)))).Proof with auto.intros.dependent destru
tion H.dependent destru
tion H0.dependent destru
tion H1.rename nq into nr.rename np into nq.rename nq0 into np.destru
t np as [sp np℄.destru
t nq as [sq nq ℄.destru
t nr as [sr nr ℄.(* XXX Can we get 
oq to leave this for us?: *)25



set (snr2 := MkSignedName sr nr).set (snq2 := MkSignedName sq nq).set (snp6 := MkSignedName sp np).destru
t (UnnamedPat
hCommuteConsistent2 H H0 H1 )as [ur2 [uq2 [up6 [? [? ?℄℄℄℄℄.destru
t sr.(* This is the 
ase where r is a positive pat
h *)remember (NameSetAdd nr op) as opr.
∃ opr.assert (snrPat
hNamesOK : pat
hNamesOK op opr snr2 ).subst.simpl in ×.split.
lear - q'OK q'OK1 not equal0 not inverse0.destru
t sp.admit. (* nameSetDe
. *)nameSetDe
.
lear.nameSetDe
.
∃ (mkNamedPat
h ur2 snr2 snrPat
hNamesOK ).assert (q2Pat
hNamesOK : pat
hNamesOK opr opqr snq2 ).subst.simpl in ×.destru
t sq.split.
lear - not equal p'OK1.admit. (* nameSetDe
. *)
lear - p'OK0 p'OK1.nameSetDe
.split.
lear - not inverse p'OK1 p'OK0.admit. (* nameSetDe
. *)
lear - not inverse p'OK1 p'OK0.nameSetDe
.
∃ (mkNamedPat
h uq2 snq2 q2Pat
hNamesOK ).assert (p6Pat
hNamesOK : pat
hNamesOK or opr snp6 ).subst.simpl in ×.destru
t sp.split.
lear - q'OK q'OK1 not equal0.admit. (* nameSetDe
. *)
lear - q'OK q'OK1.nameSetDe
.split.
lear - q'OK1 not inverse0.admit. (* nameSetDe
. *)
lear - q'OK q'OK1 not inverse0.nameSetDe
.
∃ (mkNamedPat
h up6 snp6 p6Pat
hNamesOK ).split.apply MkNamedPat
hCommute... 26



split.apply MkNamedPat
hCommute...apply MkNamedPat
hCommute...(* This is the 
ase where r is a negative pat
h *)remember (NameSetRemove nr op) as opr.
∃ opr.assert (snrPat
hNamesOK : pat
hNamesOK op opr snr2 ).subst.simpl in ×.split.
lear.nameSetDe
.assert (HX : NameSetIn nr op).
lear - q'OK1 q'OK not equal0 not inverse0.destru
t sp.nameSetDe
.admit. (* nameSetDe
. *)
lear - HX.admit. (* nameSetDe
. *)
∃ (mkNamedPat
h ur2 snr2 snrPat
hNamesOK ).assert (q2Pat
hNamesOK : pat
hNamesOK opr opqr snq2 ).subst.simpl in ×.destru
t sq.split.
lear - p'OK1.nameSetDe
.
lear - p'OK0 p'OK1 not inverse.admit. (* nameSetDe
. *)split.
lear - p'OK1 p'OK0.nameSetDe
.
lear - p'OK1 p'OK0.admit. (* nameSetDe
. *)
∃ (mkNamedPat
h uq2 snq2 q2Pat
hNamesOK ).assert (p6Pat
hNamesOK : pat
hNamesOK or opr snp6 ).subst.simpl in ×.destru
t sp.split.
lear - q'OK q'OK1.nameSetDe
.
lear - q'OK q'OK1 not inverse0.admit. (* nameSetDe
. *)split.
lear - q'OK1.nameSetDe
.assert (HX : NameSetIn nr op).
lear - snrPat
hNamesOK.nameSetDe
.
lear - q'OK q'OK1 HX.admit. (* nameSetDe
. *) 27



∃ (mkNamedPat
h up6 snp6 p6Pat
hNamesOK ).split.apply MkNamedPat
hCommute...split.apply MkNamedPat
hCommute...apply MkNamedPat
hCommute...Qed.(* XXX unused: *)Lemma NamedPat
hContexts : ∀ {unnamedPat
h : UnnamedPat
h}{from to : NameSet}(p : NamedPat
h unnamedPat
h from to),pat
hNamesOK from to (np name p).Proof with auto.intros.destru
t p.unfold np name.unfold pat
hNamesOK in ×.destru
t np name0.destru
t s ; split; nameSetDe
.Qed.Lemma NamedPat
hCommuteNames :
∀ {unnamedPat
h : UnnamedPat
h}{from mid1 mid2 to : NameSet}{p : NamedPat
h unnamedPat
h from mid1} {q : NamedPat
h unnamedPat
hmid1 to} {q' : NamedPat
h unnamedPat
h from mid2} {p' : NamedPat
h unnamedPat
hmid2 to},� p , q � <�> � q' , p' �

→ (np name p = np name p') ∧(np name q = np name q') ∧(np name p 6= np name q).Proof with auto.intros.destru
t H.unfold np name...Qed.Lemma NamedPat
hInvertInverse :
∀ {unnamedPat
h : UnnamedPat
h}{from to : NameSet}(p : NamedPat
h unnamedPat
h from to),(p�)� = p.Proof with auto.intros.destru
t p.unfold namedPat
hInverse.simpl.rewrite unnamedPat
hInvertInverse.destru
t np name0.destru
t s.simpl.f equal. 28



apply proof irrelevan
e.simpl.f equal.apply proof irrelevan
e.Qed.Definition NamedPartPat
hUniverse (unnamedPat
h : UnnamedPat
h): PartPat
hUniverse (NamedPat
h unnamedPat
h) (NamedPat
h unnamedPat
h):= mkPartPat
hUniverse(NamedPat
h unnamedPat
h)(NamedPat
h unnamedPat
h)(�namedPat
hCommute )(�namedPat
hCommutable de
 )(�NamedPat
hCommuteUnique1 )(�NamedPat
hCommuteUnique2 ).Definition NamedPat
hUniverseInv{unnamedPat
h : UnnamedPat
h}(namedPartPat
hUniverse : PartPat
hUniverse(NamedPat
h unnamedPat
h)(NamedPat
h unnamedPat
h)): Pat
hUniverseInv (NamedPartPat
hUniverse unnamedPat
h)(NamedPartPat
hUniverse unnamedPat
h):= mkPat
hUniverseInv(NamedPat
h unnamedPat
h)(NamedPat
h unnamedPat
h)(NamedPartPat
hUniverse unnamedPat
h)(NamedPartPat
hUniverse unnamedPat
h)(�NamedPat
hCommuteSelfInverse unnamedPat
h).Definition NamedPat
hUniverse {unnamedPat
h : UnnamedPat
h}{namedPartPat
hUniverse : PartPat
hUniverse(NamedPat
h unnamedPat
h) (NamedPat
h unnamedPat
h)}(namedPat
hUniverseInv : Pat
hUniverseInv(NamedPartPat
hUniverseunnamedPat
h) (NamedPartPat
hUniverseunnamedPat
h)): Pat
hUniverse (NamedPat
hUniverseInv namedPartPat
hUniverse):= mkPat
hUniverse(NamedPat
h unnamedPat
h)(NamedPartPat
hUniverse unnamedPat
h)(NamedPat
hUniverseInv namedPartPat
hUniverse)(�np name )(�NamedPat
hCommuteConsistent1 )(�NamedPat
hCommuteConsistent2 )(�NamedPat
hCommuteNames ).Definition NamedInvertiblePat
hlike {unnamedPat
h : UnnamedPat
h}{namedPartPat
hUniverse : PartPat
hUniverse(NamedPat
h unnamedPat
h) (NamedPat
h unnamedPat
h)}{namedPat
hUniverseInv : Pat
hUniverseInv(NamedPartPat
hUniverseunnamedPat
h) 29



(NamedPartPat
hUniverseunnamedPat
h)} (namedPat
hUniverse : Pat
hUniverse(NamedPat
hUniverseInv namedPartPat
hUniverse)): InvertiblePat
hlike (NamedPat
hUniverse namedPat
hUniverseInv):= mkInvertiblePat
hlike(NamedPat
h unnamedPat
h)(NamedPartPat
hUniverse unnamedPat
h)(NamedPat
hUniverseInv namedPartPat
hUniverse)(NamedPat
hUniverse namedPat
hUniverseInv)(�namedPat
hInverse )(�NamedPat
hInvertInverse )(�NamedPat
hCommuteSquare ).End named pat
hes.8 Pat
h MergeIn order to give you some idea of where we are going, in this se
tion we will des
ribe how mergingof non-
on�i
ting pat
hes works. This whole se
tion is only informational.We will give two des
riptions on how merging works. The �rst, sequen
e-wise merge, is mu
hsimpler, but the se
ond, pat
h-wise merge, is 
loser to what we have to do on
e 
on�i
ts areinvolved. Whi
hever merge algorithm is 
hosen, we �rst do merge preparation.8.1 Merge preparationSuppose we have two pat
h sequen
es (whi
h 
ould be entire repos) p and q. They start fromthe same state (if they are repos, then the empty state), and then apply their respe
tive pat
hsequen
es:
p qThen before we 
an merge these two repositories, we �rst need to 
ommute their 
ommon pat
hesto a pre�x, i.e. we 
ommute the pat
hes within p and q to 
reate:

r

s twhere p←→∗ rs, q ←→∗ rt, and N
(

s
)

∩N
(

t
)

= ∅.We will prove that it is always possible to 
ommute p and q into su
h a state.Then the a
tual merging is done on s and t.
30



8.2 Sequen
e-wise mergeSuppose we have two sequen
es p and q, where N
(

p
)

∩N
(

q
)

= ∅:
p qOur goal is to �nd p′ and q′ su
h that pq′ ←→∗ qp′, and is �morally equivalent� to applying both pand q.In order to a
hieve this, we use the fa
t that all pat
hes are invertible, along with the notion ofpat
h 
ommute that we already have. To start with, let's add the sequen
e p−1 to our diagram:

p

p−1

q

Now p−1 and q are in sequen
e, so we 
an 
ommute them:
p

p−1

q′

q

p′−1

Invert p′−1 again and throw away the inverted sequen
es, and we have the merge result:
p

q′

q

p′But does this satisfy the �moral equivalen
e� requirement?Consider starting with the sequen
e pp−1q, whi
h has the e�e
t of just q. Then we 
ommuted
p−1 and q giving us pq′p′−1, whi
h must still have the e�e
t of just q. The �moral equivalen
e�guaranteed by 
ommute tells us that p′−1 must be �morally equivalent� to p−1, and thus p′−1removes the �moral e�e
t� of p. Therefore, if we take our sequen
e pq′p′−1 and throw away p′−1,leaving just pq′, we must have the �moral e�e
ts� of p and q.That paragraph was very hand-wavey, but that's be
ause our notion of �moral equivalen
e� is veryhand-wavey.8.3 Pat
h-wise mergeTo start with, let's see how to merge single pat
hes. Suppose we have the two sequen
es pq and pr,where n (q) 6= n (r), i.e. they di�er only in the last pat
h. We wish to merge these two sequen
es.We 
an make a graph 
ontaining the pat
hes in both sequen
es thus:31



p

q rIn order to merge the two sequen
es, we want a single sequen
e of pat
hes in
orporating the e�e
tsof both q and r. We do this in the same way that we handled sequen
es in sequen
e-wise merge,by 
ompleting the bottom of our diagram to form a 
ommutation square:
p

q

r′

r

q′Provided the 
ommute su

eeds, we have that the result of the merge is qr′ (or, equivalently, rq′).If the 
ommute does not su

eed then the pat
hes 
annot be 
leanly merged, i.e. q and r 
on�i
t.Now let's generalise to arbitrarily large merges. In one sequen
e we have pqr, and in the other wehave pst, where N
(

qr
)

∩N
(

st
)

= ∅:
p

q

r

s

tWe start o� by merging q and s:
p

q

r

s

s′

tNote that qs′ 
ommutes to sq′. Now re
ursively merge s′ with r:
32



p

q

r

s

s′′

t

For the same reason that q and s′ 
ommute, s′′ 
an be 
ommuted past all the pat
hes in r:
p

q

s′

r
′

s

t

and of 
ourse, we 
an then 
ommute s′ and q:
p

s

q′

r
′

s

t

Coales
ing our two ps nodes gives us:

33



p

s

q′

r
′

t

so we have merged s. Now we merge ea
h pat
h in t in the same way, resulting in:
p

s

t

q′′

r
′′
oqdo
printing <�>u !u printing <�?�>u ?

!u printing 2u ǫuprinting <�> ! printing <�?�> ?
! printing 2 ǫ pat
h universes9 Pat
h UniversesModule Export pat
h universes.Lta
 solveFirstIn hyp := refine (let v := in (hyp v));[ | 
lear hyp; intro hyp ℄.Lta
 solveExists :=mat
h goal with

| ⊢ ex (fun : ?y ⇒ ) ⇒ assert (seVar : y); [ | ∃ seVar ℄end.Require Import Equality.Require Import names. 34



In this se
tion we will introdu
e pat
h universes. Provided a pat
h type, and the operations on it,satis�es 
ertain axioms, a set of sequen
es of pat
hes forms a pat
h universe if it satis�es 
ertaininvariants.In this se
tion we will use notation normally used for named pat
hes, but to refer to any pat
htype that 
an form a pat
h universe. Likewise, the term �pat
h� refers to the pat
h type of theparti
ular pat
h universe being used. We use U to denote the entire universe.Definition pat
hNamesOK (from to : NameSet)(sn : SignedName): Prop:= mat
h sn with
| MkSignedName Positive n ⇒ (¬ NameSetIn n from)

∧ (NameSetEqual to (NameSetAdd n from))
| MkSignedName Negative n ⇒ (¬ NameSetIn n to)

∧ (NameSetEqual from (NameSetAdd n to))end.Reserved Notation "� p , q � <�> � q' , p' �"(at level 60, no asso
iativity).Reserved Notation "p <�?�> q"(at level 60, no asso
iativity).Class PartPat
hUniverse (pu type1 pu type2 : (NameSet → NameSet → Type)): Type := mkPartPat
hUniverse {
ommute : ∀ {from mid1 mid2 to : NameSet},pu type1 from mid1 → pu type2 mid1 to
→ pu type2 from mid2 → pu type1 mid2 to → Propwhere "� p , q � <�> � q' , p' �" := (
ommute p q q' p' );
ommutable : ∀ {from mid1 to : NameSet},pu type1 from mid1 → pu type2 mid1 to → Prop:= fun {from mid1 to : NameSet}(p : pu type1 from mid1 ) (q : pu type2 mid1 to) ⇒
∃ mid2 : NameSet,
∃ q' : pu type2 from mid2,
∃ p' : pu type1 mid2 to,�p, q� <�> �q', p'�where "p <�?�> q" := (
ommutable p q);
ommutable de
 : ∀ {from mid to : NameSet}(p : pu type1 from mid)(q : pu type2 mid to),{p <�?�> q} + {�(p <�?�> q)};
ommuteUniqueTypes : ∀ {from mid mid' mid� to : NameSet}{p : pu type1 from mid} {q : pu type2 mid to}{q' : pu type2 from mid'} {p' : pu type1 mid' to}{q� : pu type2 from mid�} {p� : pu type1 mid� to},�p, q� <�> �q', p'�

→ �p, q� <�> �q�, p��
→ (mid' = mid�);
ommuteUnique : ∀ {from mid mid' to : NameSet}35



{p : pu type1 from mid} {q : pu type2 mid to}{q' : pu type2 from mid'} {p' : pu type1 mid' to}{q� : pu type2 from mid'} {p� : pu type1 mid' to},�p, q� <�> �q', p'�
→ �p, q� <�> �q�, p��
→ (p' = p�) ∧ (q' = q�)}.Notation "� p , q � <�> � q' , p' �" := (
ommute p q q' p' ).Notation "p <�?�> q" := (
ommutable p q).Class Pat
hUniverseInv {pu type1 pu type2 : (NameSet → NameSet → Type)}(ppu1 : PartPat
hUniverse pu type1 pu type2 )(ppu2 : PartPat
hUniverse pu type2 pu type1 ): Type := mkPat
hUniverseInv {
ommuteSelfInverse : ∀ {from mid1 mid2 to : NameSet}{p : pu type1 from mid1}{q : pu type2 mid1 to}{q' : pu type2 from mid2}{p' : pu type1 mid2 to},(�p, q� <�> �q', p'�)

→ (�q', p'� <�> �p, q�)}.

o op
oq opq

or opr
oqr opqr

p6

q4

q2

p3

r4 r2

r3
r1

p1

q3

q1

p5

Class Pat
hUniverse {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}(pui : Pat
hUniverseInv ppu ppu): Type := mkPat
hUniverse {pu nameOf : ∀ {from to : NameSet}, pu type from to → SignedName;
ommuteConsistent1 : ∀ {o op opq opqr opr oq oqr : NameSet}{p1 : pu type o op}{q1 : pu type op opq}{r1 : pu type opq opqr}{q2 : pu type opr opqr}{r2 : pu type op opr}36



{q3 : pu type o oq}{r3 : pu type oq oqr}{p3 : pu type oqr opqr}{p5 : pu type oq opq},�q1, r1� <�> �r2, q2�
→ �p1, q1� <�> �q3, p5�
→ �p5, r1� <�> �r3, p3�
→ ∃ or : NameSet,
∃ r4 : pu type o or,
∃ q4 : pu type or oqr,
∃ p6 : pu type or opr,�q3, r3� <�> �r4, q4� ∧�p1, r2� <�> �r4, p6� ∧�p6, q2� <�> �q4, p3�;
ommuteConsistent2 : ∀ {o op opq opqr or oq oqr : NameSet}{q3 : pu type o oq}{r3 : pu type oq oqr}{p3 : pu type oqr opqr}{q4 : pu type or oqr}{r4 : pu type o or}{p1 : pu type o op}{q1 : pu type op opq}{r1 : pu type opq opqr}{p5 : pu type oq opq},�q3, r3� <�> �r4, q4�

→ �r3, p3� <�> �p5, r1�
→ �q3, p5� <�> �p1, q1�
→ ∃ opr : NameSet,
∃ r2 : pu type op opr,
∃ q2 : pu type opr opqr,
∃ p6 : pu type or opr,�q1, r1� <�> �r2, q2� ∧�q4, p3� <�> �p6, q2� ∧�r4, p6� <�> �p1, r2�;(*This isn't true for 
onfli
tors, but happily turned out not to be usedin the proofs so far:pu 
ontexts : forall {from to : NameSet} (p : pu type from to),pat
hNamesOK from to (pu nameOf p);*)We will write sequen
es of pat
hes as p, and we require that pat
hes p have names n (p). The setof names in a sequen
e of pat
hes, or in a set of sequen
es of pat
hes, is N (p); the set of namesused in the whole universe is therefore N (U). The 
ommute relations ←→, ←→

?

and ←→∗ work onpat
hes and sequen
es of pat
hes in the normal way.
37




ommuteNames : ∀ {from mid1 mid2 to : NameSet}{p : pu type from mid1} {q : pu type mid1 to}{q' : pu type from mid2} {p' : pu type mid2 to},� p , q � <�> � q' , p' �
→ (pu nameOf p = pu nameOf p') ∧(pu nameOf q = pu nameOf q') ∧(pu nameOf p 6= pu nameOf q)}.(*Lemma 
ommuteOKOfInverse : forall {o op op' opq o' oq oq' oqp : NameSet}(
ommuteOK : CommuteOK),CommuteOK o' oq oq' oqp o op op' opq.Proof.intros.
onstru
tor.remember 
ommuteFromOK.
lear - e.nameSetDe
.remember 
ommuteMid2OK.
lear - e.nameSetDe
.remember 
ommuteMid1OK.
lear - e.nameSetDe
.remember 
ommuteToOK.
lear - e.nameSetDe
.Qed.*)Class NilOK (from to : NameSet)(
ontains : SignedNameSet):= { nilFromEqTo : NameSetEqual from to;nilContainsNothing : SignedNameSetEqual
ontainsSignedNameSetMod.empty}.Class ConsOK {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from' mid : NameSet}(from : NameSet)(
ontains tailContains : SignedNameSet)(head : pu type from' mid):= { (* 
onsFromOK is a ha
k to make 
aseSequen
e/append work *)
onsFromOK : NameSetEqual from' from;
onsNotAlreadyThere : ¬ SignedNameSetIn (pu nameOf head) tailContains ;
onsContainsOK : SignedNameSetEqual
ontains 38



(SignedNameSetAdd (pu nameOf head) tailContains)}.Indu
tive Sequen
e {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}(pat
hUniverse : Pat
hUniverse pui)(
ontains : SignedNameSet)(from to : NameSet): Type:= Nil : ∀ (nilOK : NilOK from to 
ontains),Sequen
e pat
hUniverse 
ontains from to
| Cons : ∀ {from' mid : NameSet}{qsContains : SignedNameSet}(p : pu type from' mid)(qs : Sequen
e pat
hUniverse qsContains mid to)(
onsOK : ConsOK from 
ontains qsContains p),Sequen
e pat
hUniverse 
ontains from to.Impli
it Arguments Nil [pu type ppu pui pat
hUniverse from to 
ontains ℄.Impli
it Arguments Cons [pu type ppu pui pat
hUniverse from from' mid to 
ontains qsCon-tains ℄.Notation "s :> t" := (Cons s t )(at level 60, right asso
iativity).Notation "[℄" := (Nil )(no asso
iativity).Program Definition 
astSequen
e {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from from' to to' : NameSet}{
ontains 
ontains' : SignedNameSet}(fromOK : NameSetEqual from from' )(toOK : NameSetEqual to to' )(
ontainsOK : SignedNameSetEqual 
ontains 
ontains' )(ps : Sequen
e pat
hUniverse 
ontains from to): Sequen
e pat
hUniverse 
ontains' from' to':= mat
h ps with
| Nil ⇒ [℄
| Cons p ps' ⇒ Cons p ps'end.Next Obligation.
onstru
tor.remember nilFromEqTo as HX1.
lear - HX1 fromOK toOK.nameSetDe
.remember nilContainsNothing as HX1.
lear - HX1 
ontainsOK.signedNameSetDe
.Qed.Next Obligation.apply NameSetEquality.apply toOK. 39



Qed.Next Obligation.
onstru
tor.remember 
onsFromOK as HX1.
lear - HX1 fromOK.nameSetDe
.apply 
onsNotAlreadyThere.rewrite ← 
ontainsOK.apply 
onsContainsOK.Qed.Class appendOK {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from mid to : NameSet}{psContains qsContains : SignedNameSet}(ps : Sequen
e pat
hUniverse psContains from mid)(qs : Sequen
e pat
hUniverse qsContains mid to)(psQsContains : SignedNameSet):= { appendNoInterse
tion : SignedNameSetEqual(SignedNameSetMod.inter psContains qsContains)SignedNameSetMod.empty;appendContainsOK : SignedNameSetEqualpsQsContains(SignedNameSetMod.union psContains qsContains)}.Program Fixpoint append{pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from mid to : NameSet}{psContains qsContains psQsContains : SignedNameSet}(ps : Sequen
e pat
hUniverse psContains from mid)(qs : Sequen
e pat
hUniverse qsContains mid to)(thisAppendOK : appendOK ps qs psQsContains): Sequen
e pat
hUniverse psQsContains from to:= mat
h ps with
| Nil ⇒mat
h qs with
| Nil ⇒ [℄
| Cons q qs' ⇒q :> qs'end

| Cons ps'From ps'Contains p ps' ⇒p :> (append (from := ps'From) (to := to) (psQsContains := SignedNameSet-Mod.union ps'Contains qsContains)ps' qs )end.Next Obligation. 40




onstru
tor.remember (nilFromEqTo (NilOK := wild
ard' )) as HX1.remember (nilFromEqTo (NilOK := wild
ard'0 )) as HX2.
lear - HX1 HX2.nameSetDe
.remember (nilContainsNothing (NilOK := wild
ard' )) as HX1.remember (nilContainsNothing (NilOK := wild
ard'0 )) as HX2.remember appendContainsOK as HX3.
lear - HX1 HX2 HX3.signedNameSetDe
.Qed.Next Obligation.
onstru
tor.remember 
onsFromOK as HX1.remember nilFromEqTo as HX2.
lear - HX1 HX2.nameSetDe
.apply 
onsNotAlreadyThere.remember appendContainsOK as HX1.remember 
onsContainsOK as HX2.remember nilContainsNothing as HX3.
lear - HX1 HX2 HX3.signedNameSetDe
.Qed.Next Obligation.
onstru
tor.remember appendNoInterse
tion as HX1.remember 
onsContainsOK as HX2.
lear - HX1 HX2.signedNameSetDe
.reflexivity.Qed.Next Obligation.
onstru
tor.apply 
onsFromOK.remember 
onsNotAlreadyThere as HX1.remember 
onsContainsOK as HX2.remember appendNoInterse
tion as HX3.
lear - HX1 HX2 HX3.signedNameSetDe
.remember 
onsContainsOK as HX1.remember appendContainsOK as HX2.
lear - HX1 HX2.signedNameSetDe
.Qed.Notation "ps :+> qs" := (append ps qs )(at level 60, right asso
iativity).There is also a merge relation ⊕. Given two pat
hes p and q, either there exists p′ and q′ su
hthat N (p) = N (p′), N (q) = N (q′), p⊕ q = 〈q′, p′〉 and pq′ ←→∗ qp′; or p⊕ q = fail.41



Axiom 9.1 (pat
h-universe-
ommute-preserves-
ommute)
(〈p, qr〉 ←→ 〈q′r′, p′〉)⇒

((

q ←→
?

r
)

⇔
(

q′ ←→
?

r′
))(* 
ommute : pu type -> pu type -> pu type -> pu type -> Propwhere "� p , q � <�> � q' , p' �" := (
ommute p q q' p');*) ExplanationThis is Lemma ?? restated for pat
h universes.Axiom 9.2 (pat
h-universe-
ommute-
onsistent)

(〈q, r〉 ←→ 〈r′, q′〉)⇒ ((〈p, qr〉 ←→ 〈 , p′〉)⇔ (〈p, r′q′〉 ←→ 〈 , p′〉))ExplanationThis is Lemma ?? restated for named pat
hes.Those are the operations and axioms that your pat
h type must provide. We now explain what
an be done in a pat
h universe, and what invariants must be satis�ed by the operations whilethey are done.The operations you 
an do in a pat
h universe are:Re
ord Given a sequen
e of pat
hes p we 
an re
ord a pat
h with a fresh name, giving us pq.Unre
ord Given a sequen
e of pat
hes pq we 
an unpull q leaving us p.Commute Given p, we 
an make q where p←→∗ q.Merge Given pq and pr, if q ⊕ r =
〈

r′, q′
〉 then we 
an make pqr′ and prq′.XXX and unre
ordXXX The remainder of this se
tion is proofs of thingsLemma 9.1 (
ommute-in-sequen
e-
onsistent)Suppose pqrs←→∗ tq′r′u where n (q) = n (q′) and n (r) = n (r′). Then (

q ←→
?

r
)

⇔
(

q′ ←→
?

r′
).ExplanationSuppose we have adja
ent two pat
hes q and r in a sequen
e. No amount of 
ommutingwithin this sequen
e 
an alter whether or not q and r 
ommute.ProofSuppose, for the purpose of 
ontradi
tion, that we have a 
ounter example of minimalsequen
e length. Without loss of generality, assume that q ←→

?

r holds but q′ ←→
?

r′ does not.If p = ǫ and s = ǫ then we trivially have a 
ontradi
tion. We will assume that p is non-empty,but an analogous argument 
overs the 
ase where only s is non-empty.So p = vp′, for some pat
h v and sequen
e p′. We will �rst show, by indu
tion on thestru
ture of←→∗, that at ea
h step v 
an be 
ommuted dire
tly to the start of the sequen
e.Trivially that is true for the initial sequen
e vp′qrs. Suppose that it is true for a sequen
e
a1a2a3a4 where 〈a2, a3〉 ←→ 〈a′3, a′2〉; then we must show that it is true for a1a

′

3a
′

2a4. If vis in a1 then it is trivially true, using the same sequen
e of 
ommutes as before. If v is a2then it is true, by �rst 
ommuting with a′3 and then 
ontinuing as before. If v is a3 thenit is true, by skipping the �rst 
ommute of the previous sequen
e. The must interesting
ase is when v is in a4. We know that v 
an be 
ommuted past everything else in a4 until42



we have a1a2a3v
′a′

4
, then past a2a3 giving us a1v

′′a′′2a
′′

3a
′

4
, and �nally past a1, giving us

v′′′a′
1
a′′2a

′′

3a
′

4
. But Axiom 9.2 tells us that 〈a′3a′2, v′〉 ←→ 〈v′′, a′′′3 a′′′2 〉, so it is also true for this
ase.Now, 
onsider the �nal sequen
e. If v is in t then trivially whether q′ and r′ 
ommute isun
hanged. If v is in u then Axiom 9.1 tells us that whether q′ and r′ 
ommute is un
hanged.Therefore we 
an 
onstru
t a shorter 
ounter example, by 
ommuting v to the left of thesequen
e at ea
h stage, and removing it.(*XXXLemma NamePersistsInSequen
eNameSet :forall {pat
hUniverse : Pat
hUniverse}{o op opq opqr : NameSet}(p : (pu type pat
hUniverse) o op)(qs : Sequen
e (pu type pat
hUniverse) op opq)(rs : Sequen
e (pu type pat
hUniverse) opq opqr),NameSetIn (pu nameOf pat
hUniverse p) opq-> NameSetIn (pu nameOf pat
hUniverse p) opqr.Proof with auto.intros.dependent indu
tion rs...spe
ialize (IHrs pat
hUniverse).spe
ialize (IHrs p).spe
ialize (IHrs mid).spe
ialize (IHrs (qs :+> (p0 :> ))).assert (p in mid : NameSetIn (pu nameOf pat
hUniverse p) mid).destru
t (pu 
ontexts pat
hUniverse p0).fsetde
.spe
ialize (IHrs p in mid).spe
ialize (IHrs opqr refl refl)...Qed.Lemma NamePersistsInSequen
e :forall {pat
hUniverse : Pat
hUniverse}{o op opq : NameSet}(p : (pu type pat
hUniverse) o op)(qs : Sequen
e (pu type pat
hUniverse) op opq),NameSetIn (pu nameOf pat
hUniverse p) opq.Proof with auto.intros.assert (p in op : NameSetIn (pu nameOf pat
hUniverse p) op).destru
t (pu 
ontexts pat
hUniverse p).fsetde
.set (H1 := NamePersistsInSequen
eNameSet p qs p in op)...Qed.Lemma NameInSequen
eUnique :forall {pat
hUniverse : Pat
hUniverse}{o op opq opqr : NameSet}(p : (pu type pat
hUniverse) o op)(qs : Sequen
e (pu type pat
hUniverse) op opq)43



(r : (pu type pat
hUniverse) opq opqr),(pu nameOf pat
hUniverse p <> pu nameOf pat
hUniverse r).Proof with auto.intros.set (p in opq := NamePersistsInSequen
e p qs).
learbody p in opq.destru
t (pu 
ontexts pat
hUniverse r).
ongruen
e.Qed.*)Lemma 
ommuteRelatesLemma1 {x y : SignedName}{zs : SignedNameSet}: (y 6= x )
→ ¬ SignedNameSetIn x zs
→ ¬ SignedNameSetIn x (SignedNameSetAdd y zs).Proof.intros.admit.(*XXX 
oq 2691 *)signedNameSetDe
.Qed.Lemma TransitiveTransitiveCommute :

∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from to : NameSet}{
ontains : SignedNameSet}{ps qs rs : Sequen
e pat
hUniverse 
ontains from to}(ps qs : �ps� <��>* �qs�)(qs rs : �qs� <��>* �rs�),(�ps� <��>* �rs�).Proof with auto.intros.indu
tion ps qs...apply IHps qs in qs rs.apply (Swap H qs rs).Qed.Lemma Symmetri
Commute :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from to : NameSet}{
ontains : SignedNameSet}{ps qs : Sequen
e pat
hUniverse 
ontains from to}(ps qs : �ps� <��> �qs�),(�qs� <��> �ps�).Proof with auto.intros. 44



indu
tion ps qs.apply 
ommuteSelfInverse in H.apply (SwapNow H ).apply SwapLater...Qed.Lemma Symmetri
TransitiveCommute :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from to : NameSet}{
ontains : SignedNameSet}{ps qs : Sequen
e pat
hUniverse 
ontains from to}(ps qs : �ps� <��>* �qs�),(�qs� <��>* �ps�).Proof with auto.intros.indu
tion ps qs.apply Same.apply Symmetri
Commute in H.apply (TransitiveTransitiveCommute IHps qs (Swap H (Same ))).Qed.Lemma EnlargeTransitiveCommuteRelation :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from mid to : NameSet}{
ontains 
ontains' : SignedNameSet}{p : pu type from mid}{qs rs : Sequen
e pat
hUniverse 
ontains' mid to}(pTailConsOK : ConsOK from 
ontains 
ontains' p)(qs rs : �qs� <��>* �rs�),(� (p :> qs) � <��>* � (p :> rs) �).Proof with auto.intros.indu
tion qs rs.apply Same.apply (Swap (SwapLater p H ) IHqs rs).Qed.Lemma 
ommuteOutLeftConsistentStep :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{from mid to : NameSet}{
ontains 
ontains' : SignedNameSet}{ps1 ps2 : Sequen
e pat
hUniverse 
ontains from to}{q : pu type from mid}{rs1 : Sequen
e pat
hUniverse 
ontains' mid to}(
ommute relates ps1 ps2 : �ps1� <��> �ps2�)45



(q rs1 
ommutes left out of ps1 : �q, rs1� <� �ps1�),(∃ rs2 : Sequen
e pat
hUniverse 
ontains' mid to,(�rs1� <��>* �rs2�) ∧(�q, rs2� <� �ps2�)).Proof with auto.intros.
ps1

ps2

q rs1

rs2

dependent indu
tion 
ommute relates ps1 ps2(* I think needing the generalizing 
lause is a 
oq bug.Without it, mid doesn't get generalised so we 
an't doindu
tive 
ase. *)generalizing mid q 
ontains' rs1q rs1 
ommutes left out of ps1.(* This is the 
ase where we have a swap at the head *)rename q0 into s, q' into s'.rename op into midA, opq into midB, oq into midC.rename H into p s 
ommute s' p'.
from

midmidA midBmidC top
s

s′ p′

rs

q

rs1

rs2

dependent destru
tion q rs1 
ommutes left out of ps1.(* This is the 
ase where the 
ommute out is done.But the swap has messed it up, so we will have toundo it to build the 
ommute out. *)
46



from midA midBmidC top
s

s′ p′

rs

rs2

∃ (s :> rs).split.apply Same.apply 
ommuteSelfInverse in p s 
ommute s' p'.refine (
ommuteOutLeftSwap p s 
ommute s' p' )...apply 
ommuteOutLeftDone.(* This is the 
ase where the 
ommuteout a
tually does some work *)rename mid q into midD.rename q into p�, p0 into q', p'0 into q, qs into us.rename H into p q' 
ommute q p�.
from

mid midDmidA midBmidC
to

p
s

s′ p′

rs

q

p′′

q′

us

rs2

(* There are two possibilities:* The 
ommuteout does exa
tly one 
ommute, and the swap hasjust done it for us* The 
ommuteout does more than one swap, and so we need touse the lemma to rewrite the last 2 swaps *)dependent destru
tion q rs1 
ommutes left out of ps1.(* This is the 
ase where the 
ommuteout doesexa
tly one 
ommute, so we now have nothing to do *)rename q into s�.rename p q' 
ommute q p� into p s 
ommute s� p�.
47



from
midmidA midBmidC

to
p

s

s′ p′

s′′
p′′

rs

rs2

set (H := 
ommuteUniqueTypes p s 
ommute s' p' p s 
ommute s� p�).
learbody H.subst.subst.set (H := 
ommuteUnique p s 
ommute s' p' p s 
ommute s� p�).
learbody H.destru
t H.subst.rename p� into p', s� into s'.rename mid into midC.
from midA midBmidC top

s

s′ p′

rs

rs2

∃ (p' :> rs).split.apply Same.assert (Heq : SignedNameSetEqual 
ontains' pRsContains).remember (
onsContainsOK (
ontains := 
ontains' )) as H1.remember (
onsContainsOK (
ontains := pRsContains)) as H2.
lear - H1 H2.signedNameSetDe
.apply SignedNameSetEquality in Heq.subst.assert (Heq : pRsConsOK = q qsConsOK ).apply proof irrelevan
e.subst.apply 
ommuteOutLeftDone.(* This is the 
ase where the 
ommuteout does48



at least 
ommute2, so we have to jump over the swap *)rename mid q into midE.rename p'0 into q'.rename p0 into r.rename q0 into t.rename qs into ss.rename H into s r 
ommute q' t.rename qsContains into t ssContains, qsContains0 into ssContains.
from midA midBmidC to

mid midD midE
p

s

s′ p′

rs

q
q′

p′′

t

r ss

rs2

assert (H := 
ommuteConsistent2p s 
ommute s' p's r 
ommute q' tp q' 
ommute q p�).destru
t H as [? [t' [p�' [r'[p� t 
ommute t' p�'[p' r 
ommute r' p�'s' r' 
ommute q t' ℄℄℄℄℄℄.destru
t (
ommuteNames p� t 
ommute t' p�' )as [name p� name p�'[name t name t'name p not name t ℄℄.assert (p�' ssConsOK : ConsOK x (SignedNameSetAdd (pu nameOf p�' ) ssContains)ssContains p�' ).
onstru
tor.reflexivity.remember (
onsNotAlreadyThere (ConsOK := q qsConsOK )) as HX1.rewrite ← name p� name p�'.remember (
onsContainsOK (ConsOK := q qsConsOK0 )) as HX2.
lear - HX1 HX2.signedNameSetDe
.reflexivity.assert (t' p�' ssConsOK : ConsOK mid 
ontains' (SignedNameSetAdd (pu nameOf p�' )ssContains) t' ).
onstru
tor.reflexivity. 49



remember (
onsNotAlreadyThere (ConsOK := q qsConsOK0 )) as HX1.rewrite ← name t name t'.rewrite ← name p� name p�'.
lear - HX1 name p not name t.remember (pu nameOf t) as HX2. (* Workaround for 
oq 2464 *)admit.(*XXX 
oq 2464 *)admit.(*XXX 
oq 2464 *)remember (pu nameOf r) as HX5. (* Workaround for 
oq 2467signedNameSetDe
.*)assert (p not r' : pu nameOf p 6= pu nameOf r' ).rewrite ← rs same...assert (p not s : pu nameOf p 6= pu nameOf s).remember (
onsNotAlreadyThere (ConsOK := p qs r s tsConsOK )) as HX1.remember (appendContainsOK (appendOK := qs r s tsAppendOK )) as HX2.remember (
onsContainsOK (ConsOK := r s tsConsOK )) as HX3.remember (
onsContainsOK (ConsOK := s tsConsOK )) as HX4.
lear - HX1 HX2 HX3 HX4.remember (pu nameOf p) as HX5. (* Workaround for 
oq 2464 *)remember (pu nameOf s) as HX7. (* Workaround for 
oq 2467signedNameSetDe
.*)assert (p not s' : pu nameOf p 6= pu nameOf s' ).rewrite ← ss same...set (HX := CommuteOutLeftPreservesCommutep not r' p not s' p out of rhs).destru
t HX as [opp [oppq [oppqr [ps�Contains [ss�Contains[ps� [q� [r� [ss�[r� ss�Contains [q� r� ss�Contains[r� ss�ConsOK [q� r� ss�ConsOK[ps� q� r� ss�AppendOK[? [? [? ?℄℄℄℄℄℄ ℄℄℄℄℄℄℄℄℄℄℄.
∃ opp.
∃ oppq.
∃ oppqr.
∃ ps�Contains.
∃ ss�Contains.
∃ ps�.
∃ q�.
∃ r�.
∃ ss�.
∃ r� ss�Contains.
∃ q� r� ss�Contains.
∃ r� ss�ConsOK.
∃ q� r� ss�ConsOK. 50



∃ ps� q� r� ss�AppendOK.subst.split...split.rewrite rs same...rewrite ss same...Qed.Lemma EmptyCounterExampleExists :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{o oq oqr oqrs ou our ours : NameSet}{qsContains usContains vsContains : SignedNameSet}{qs : Sequen
e pat
hUniverse qsContains o oq}{r : pu type oq oqr}{s : pu type oqr oqrs}{us : Sequen
e pat
hUniverse usContains o ou}{r' : pu type ou our}{s' : pu type our ours}{vs : Sequen
e pat
hUniverse vsContains ours oqrs}{NilContains s NilContains r s NilContains qs r s NilContains : SignedName-Set} (nilOK : NilOK oqrs oqrs NilContains)(s NilConsOK : ConsOK oqr s NilContains NilContains s)(r s tsConsOK : ConsOK oq r s NilContains s NilContains r)(qs r s NilAppendOK : appendOK qs (r :> s :> [℄) qs r s NilContains){s' vsContains r' s' vsContains : SignedNameSet}(s' vsConsOK : ConsOK our s' vsContains vsContains s' )(r' s' vsConsOK : ConsOK ou r' s' vsContains s' vsContains r' )(us r' s' vsAppendOK : appendOK us (r' :> s' :> vs) qs r s NilContains)(* t omitted for now *)(transitive 
ommute : �qs :+> r :> s :> [℄� <��>* �us :+> r' :> s' :> vs�)(rs same : pu nameOf r = pu nameOf r' )(ss same : pu nameOf s = pu nameOf s' )(r s 
ommutable : r <�?�> s)(r' s' not 
ommutable : �(r' <�?�> s')),(
∃ lNilOK : NilOK oq oq SignedNameSetMod.empty,
∃ lNil r s NilAppendOK : appendOK [℄ (r :> s :> [℄) r s NilContains,
∃ ou' : NameSet,
∃ our' : NameSet,
∃ ours' : NameSet,
∃ us'Contains : SignedNameSet,
∃ vs'Contains : SignedNameSet,
∃ us' : Sequen
e pat
hUniverse us'Contains oq ou',
∃ r� : pu type ou' our',
∃ s� : pu type our' ours',
∃ vs' : Sequen
e pat
hUniverse vs'Contains ours' oqrs,51



∃ s� vs'Contains : SignedNameSet,
∃ r� s� vs'Contains : SignedNameSet,
∃ s� vs'ConsOK : ConsOK our' s� vs'Contains vs'Contains s�,
∃ r� s� vs'ConsOK : ConsOK ou' r� s� vs'Contains s� vs'Contains r�,
∃ us' r� s� vs'AppendOK : appendOK us' (r� :> s� :> vs' ) r s NilContains,TransitiveCommuteRelates ([℄ :+> r :> s :> [℄)(us' :+> r� :> s� :> vs' ) ∧(pu nameOf r = pu nameOf r') ∧(pu nameOf s = pu nameOf s') ∧�(r� <�?�> s�)).Proof with trivial.intros.move qs at top.revert oqr oqrs ou our ours usContains vsContains r s us r' s' vss NilContains r s NilContains qs r s NilContains nilOK s NilConsOK r s tsConsOKqs r s NilAppendOK s' vsContains r' s' vsContains s' vsConsOK r' s' vsConsOKus r' s' vsAppendOK transitive 
ommute rs same ss same r s 
ommutabler' s' not 
ommutable.dependent indu
tion qs.(* 
ase *)simpl.intros.assert (Heq : from = to).apply NameSetEquality.apply nilFromEqTo.subst.assert (Heq : 
ontains = SignedNameSetMod.empty).apply SignedNameSetEquality.apply nilContainsNothing.subst.assert (Heq : r s NilContains = qs r s NilContains).apply SignedNameSetEquality.remember (appendContainsOK (appendOK := qs r s NilAppendOK )) as HX1.
lear - HX1.signedNameSetDe
.subst.
∃ nilOK.
∃ qs r s NilAppendOK.
∃ ou.
∃ our.
∃ ours.
∃ usContains.
∃ vsContains.
∃ us.
∃ r'.
∃ s'.
∃ vs.
∃ s' vsContains.
∃ r' s' vsContains.
∃ s' vsConsOK.
∃ r' s' vsConsOK.
∃ us r' s' vsAppendOK. 52



split.apply transitive 
ommute.repeat split...(* Cons 
ase *)simpl.intros.assert (from' = from).apply NameSetEquality.apply 
onsFromOK.subst.set (HX := ShorterCounterExampleExists transitive 
ommute rs same ss samer s 
ommutable r' s' not 
ommutable).destru
t HX as [ou' [our' [ours'[us'Contains [vs'Contains[us' [r� [s� [vs'[s� vs'Contains [r� s� vs'Contains[s� vs'ConsOK [r� s� vs'ConsOK [us' r� s� vs'AppendOK[transitive 
ommute 3 [r r� same [s s� same r� s� not 
ommutable℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄.spe
ialize (IHqs NilContains).spe
ialize (IHqs oqr oqrs).spe
ialize (IHqs ou' our' ours' ).spe
ialize (IHqs us'Contains vs'Contains).spe
ialize (IHqs r s).spe
ialize (IHqs us' r� s� vs' ).spe
ialize (IHqs s NilContains).spe
ialize (IHqs r s NilContains).spe
ialize (IHqs (SignedNameSetMod.union qsContains r s NilContains)).spe
ialize (IHqs nilOK ).spe
ialize (IHqs s NilConsOK ).spe
ialize (IHqs r s tsConsOK ).spe
ialize (IHqs (append obligation 3 pu type ppu pui pat
hUniverse from to oqrs 
ontainsr s NilContains qs r s NilContains (Cons p qs 
onsOK )(Cons r (Cons s (Nil nilOK ) s NilConsOK ) r s tsConsOK )qs r s NilAppendOK from mid qsContains p qs 
onsOK eq re�)).spe
ialize (IHqs s� vs'Contains).spe
ialize (IHqs r� s� vs'Contains).spe
ialize (IHqs s� vs'ConsOK ).spe
ialize (IHqs r� s� vs'ConsOK ).spe
ialize (IHqs us' r� s� vs'AppendOK ).spe
ialize (IHqs transitive 
ommute 3 ).spe
ialize (IHqs r r� same s s� same).spe
ialize (IHqs r s 
ommutable r� s� not 
ommutable).simpl in IHqs.destru
t IHqs as [lNilOK [lNil r s NilAppendOK[ou� [our� [ours�[us�Contains [vs�Contains[us� [r�' [s�' [vs�[s�' vs�Contains[r�' s�' vs�Contains[s�' vs�ConsOK[r�' s�' vs�ConsOK 53



[us� r�' s�' vs�AppendOK[? [? [? ?℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄.
∃ lNilOK.
∃ lNil r s NilAppendOK.
∃ ou�.
∃ our�.
∃ ours�.
∃ us�Contains.
∃ vs�Contains.
∃ us�.
∃ r�'.
∃ s�'.
∃ vs�.
∃ s�' vs�Contains.
∃ r�' s�' vs�Contains.
∃ s�' vs�ConsOK.
∃ r�' s�' vs�ConsOK.
∃ us� r�' s�' vs�AppendOK.repeat split...Qed.Lemma TwoSequen
eTransitiveCommuteRelatesTwoSequen
e1 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{o or ors ou our ours : NameSet}{usContains vsContains : SignedNameSet}{r : pu type o or}{s : pu type or ors}{us : Sequen
e pat
hUniverse usContains o ou}{r' : pu type ou our}{s' : pu type our ours}{vs : Sequen
e pat
hUniverse vsContains ours ors}{RNilContains s RNilContains r s RNilContains : SignedNameSet}{LNilContains : SignedNameSet}{s' vsContains r' s' vsContains : SignedNameSet}{
ontains : SignedNameSet}{LNilOK : NilOK o o LNilContains}{RNilOK : NilOK ors ors RNilContains}(s NilConsOK : ConsOK or s RNilContains RNilContains s)(r s NilConsOK : ConsOK o r s RNilContains s RNilContains r)(Nil r s NilAppendOK : appendOK [℄ (r :> (s :> [℄)) 
ontains)(s' vsConsOK : ConsOK our s' vsContains vsContains s' )(r' s' vsConsOK : ConsOK ou r' s' vsContains s' vsContains r' )(us r' s' vsAppendOK : appendOK us (r' :> (s' :> vs)) 
ontains),(�[℄ :+> r :> s :> [℄� <��>*�us :+> r' :> s' :> vs�)

→ (ou = o) ∧ (ours = ors). 54



Proof with auto.intros.(*dependent indu
tion Hgeneralizingor r ss RNilContains r s RNilContainss NilConsOK r s NilConsOK Nil r s NilAppendOK.(* This is the 
ase where the transitive 
ommute is finished *)destru
t us.(* This is the 
ase where the original us is *)split.apply NameSetEquality.symmetry.apply (nilFromEqTo (NilOK := nilOK)).dependent destru
tion x...simpl in x.destru
t us.(* This is the 
ase where the original us is *)simpl in x.dis
riminate x.simpl in x.destru
t us.(* This is the 
ase where the original us is , *)simpl in x.dis
riminate x.simpl in x.(* This is the 
ase where the original us is ( : : : ) *)dis
riminate x.(* This is the 
ase where we do a step of the transitive 
ommute *)simpl in H.simpl in IHTransitiveCommuteRelates.dependent destru
tion H.spe
ialize (IHTransitiveCommuteRelates oq).spe
ialize (IHTransitiveCommuteRelates q').spe
ialize (IHTransitiveCommuteRelates p').spe
ialize (IHTransitiveCommuteRelates pRsContains).spe
ialize (IHTransitiveCommuteRelates 
ontains).spe
ialize (IHTransitiveCommuteRelates pRsConsOK).spe
ialize (IHTransitiveCommuteRelates qPRsConsOK).solveFirstIn IHTransitiveCommuteRelates.
onstru
tor.remember (nilContainsNothing (NilOK := LNilOK)) as H1.
lear - H1.signedNameSetDe
.remember (nilContainsNothing (NilOK := LNilOK)) as H1.
lear - H1.signedNameSetDe
.solveFirstIn IHTransitiveCommuteRelates.55



f equal.apply proof irrelevan
e.solveFirstIn IHTransitiveCommuteRelates.f equal.apply IHTransitiveCommuteRelates.dependent destru
tion H.dependent destru
tion H.*)admit.Qed.(* XXX Can we merge this lemma with the previous one now thatwe don't require that Nil has from = to?*)Lemma TwoSequen
eTransitiveCommuteRelatesTwoSequen
e2 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{o or ors our : NameSet}{usContains vsContains : SignedNameSet}{r : pu type o or}{s : pu type or ors}{us : Sequen
e pat
hUniverse usContains o o}{r' : pu type o our}{s' : pu type our ors}{vs : Sequen
e pat
hUniverse vsContains ors ors}{RNilContains s RNilContains r s RNilContains : SignedNameSet}{LNilContains : SignedNameSet}{s' vsContains r' s' vsContains : SignedNameSet}{
ontains : SignedNameSet}{LNilOK : NilOK o o LNilContains}{RNilOK : NilOK ors ors RNilContains}(s NilConsOK : ConsOK or s RNilContains RNilContains s)(r s NilConsOK : ConsOK o r s RNilContains s RNilContains r)(Nil r s NilAppendOK : appendOK [℄ (r :> (s :> [℄)) 
ontains)(s' vsConsOK : ConsOK our s' vsContains vsContains s' )(r' s' vsConsOK : ConsOK o r' s' vsContains s' vsContains r' )(us r' s' vsAppendOK : appendOK us (r' :> (s' :> vs)) 
ontains),(�[℄ :+> r :> s :> [℄� <��>* �us :+> r' :> s' :> vs�)

→ ∃ usNilOK : NilOK o o usContains,
∃ vsNilOK : NilOK ors ors vsContains,((us = [℄) ∧ (vs = [℄)).Proof with auto.intros.dependent indu
tion H.dependent destru
tion us.
∃ nilOK. 56



∃ RNilOK.split...dependent destru
tion us.dependent destru
tion us.simpl in H.dependent destru
tion H.rename IHTransitiveCommuteRelates into IH.spe
ialize (IH oq).spe
ialize (IH our).spe
ialize (IH usContains).spe
ialize (IH vsContains).spe
ialize (IH q' ).spe
ialize (IH p' ).spe
ialize (IH us).spe
ialize (IH r' ).spe
ialize (IH s' ).spe
ialize (IH vs).spe
ialize (IH RNilContains).spe
ialize (IH pRsContains).spe
ialize (IH 
ontains).spe
ialize (IH LNilContains).spe
ialize (IH s' vsContains).spe
ialize (IH r' s' vsContains).spe
ialize (IH LNilOK ).spe
ialize (IH RNilOK ).spe
ialize (IH pRsConsOK ).spe
ialize (IH qPRsConsOK ).solveFirstIn IH.
onstru
tor.remember (nilContainsNothing (NilOK := LNilOK )) as H1.
lear - H1.signedNameSetDe
.remember (nilContainsNothing (NilOK := LNilOK )) as H1.
lear - H1.signedNameSetDe
.spe
ialize (IH s' vsConsOK ).spe
ialize (IH r' s' vsConsOK ).spe
ialize (IH us r' s' vsAppendOK ).solveFirstIn IH.simpl.f equal.apply proof irrelevan
e.solveFirstIn IH.f equal.apply IH.dependent destru
tion H.dependent destru
tion H.Qed.Lemma EmptyNotCounterExample :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}57



{pat
hUniverse : Pat
hUniverse pui}{o op opq ou our ours : NameSet}{usContains vsContains : SignedNameSet}{p : pu type o op}{q : pu type op opq}{us : Sequen
e pat
hUniverse usContains o ou}{r : pu type ou our}{s : pu type our ours}{vs : Sequen
e pat
hUniverse vsContains ours opq}{RNilContains : SignedNameSet}{LNilContains : SignedNameSet}{q RNilContains p q RNilContains : SignedNameSet}{s vsContains r s vsContains : SignedNameSet}{
ontains : SignedNameSet}{LNilOK : NilOK o o LNilContains}{RNilOK : NilOK opq opq RNilContains}(q NilConsOK : ConsOK op q RNilContains RNilContains q)(p q NilConsOK : ConsOK o p q RNilContains q RNilContains p)(Nil p q NilAppendOK : appendOK [℄ (p :> (q :> [℄)) 
ontains)(s vsConsOK : ConsOK our s vsContains vsContains s)(r s vsConsOK : ConsOK ou r s vsContains s vsContains r)(us r s vsAppendOK : appendOK us (r :> (s :> vs)) 
ontains),TransitiveCommuteRelates ([℄ :+> p :> q :> [℄)(us :+> r :> s :> vs)
→ (p <�?�> q)
→ (r <�?�> s).Proof with auto.intros.assert (H3 := TwoSequen
eTransitiveCommuteRelatesTwoSequen
e1 H ).destru
t H3.subst.assert (H3 := TwoSequen
eTransitiveCommuteRelatesTwoSequen
e2 H ).destru
t H3 as [? [? [? ?℄℄℄.subst.dependent indu
tion H...dependent destru
tion H.simpl in IHTransitiveCommuteRelates.rename IHTransitiveCommuteRelates into IH.spe
ialize (IH r s vsContains).spe
ialize (IH s vsContains).spe
ialize (IH 
ontains).spe
ialize (IH pRsContains).spe
ialize (IH LNilContains).spe
ialize (IH LNilOK ).spe
ialize (IH RNilContains).spe
ialize (IH RNilOK ).spe
ialize (IH vsContains).spe
ialize (IH x0 ). 58



spe
ialize (IH usContains).spe
ialize (IH x ).spe
ialize (IH our).spe
ialize (IH s).spe
ialize (IH s vsConsOK ).spe
ialize (IH r).spe
ialize (IH r s vsConsOK ).spe
ialize (IH us r s vsAppendOK ).spe
ialize (IH oq).spe
ialize (IH q' ).spe
ialize (IH p' ).spe
ialize (IH pRsConsOK ).spe
ialize (IH qPRsConsOK ).solveFirstIn IH.
onstru
tor.remember (nilContainsNothing (NilOK := LNilOK )) as HN.
lear - HN.signedNameSetDe
.remember (nilContainsNothing (NilOK := LNilOK )) as HN.
lear - HN.signedNameSetDe
.solveFirstIn IH.apply 
ommuteSelfInverse in H.unfold 
ommutable.
∃ op.
∃ p.
∃ q...solveFirstIn IH.f equal.apply proof irrelevan
e.solveFirstIn IH.f equal.apply IH.dependent destru
tion H.dependent destru
tion H.Qed.Lemma 
ommuteInSequen
eConsistent :

∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pat
hUniverse : Pat
hUniverse pui}{o oq oqr oqrs (* oqrst *) ou our ours : NameSet}{qsContains : SignedNameSet}{qs : Sequen
e pat
hUniverse qsContains o oq}{r : pu type oq oqr}{s : pu type oqr oqrs}(* {ts : Sequen
e pat
hUniverse oqrs oqrst} *){usContains vsContains : SignedNameSet}{us : Sequen
e pat
hUniverse usContains o ou}{r' : pu type ou our}{s' : pu type our ours}{vs : Sequen
e pat
hUniverse vsContains ours oqrs}59



{NilContains s NilContains r s NilContains : SignedNameSet}{s' vsContains r' s' vsContains : SignedNameSet}{
ontains : SignedNameSet}(nilOK : NilOK oqrs oqrs NilContains)(s NilConsOK : ConsOK oqr s NilContains NilContains s)(r s NilConsOK : ConsOK oq r s NilContains s NilContains r)(qs r s NilAppendOK : appendOK qs (r :> s :> [℄) 
ontains)(s' vsConsOK : ConsOK our s' vsContains vsContains s' )(r' s' vsConsOK : ConsOK ou r' s' vsContains s' vsContains r' )(us r' s' vsAppendOK : appendOK us (r' :> (s' :> vs)) 
ontains)(transitive 
ommute : �qs :+> r :> s :> [℄� <��>* �us :+> r' :> s' :> vs�)(rs same : pu nameOf r = pu nameOf r' )(ss same : pu nameOf s = pu nameOf s' )(r s 
ommutable : r <�?�> s),(r' <�?�> s' ).Proof with trivial.intros.
ase (
ommutable de
 r' s' )...intro r' s' not 
ommutable.destru
t (EmptyCounterExampleExists transitive 
ommute rs same ss samer s 
ommutable r' s' not 
ommutable)as [? [? [? [? [? [? [? [? [r� [s� [? [? [? [? [? [? [HX [? [? not 
ommutable℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄℄.assert (HY : �[℄ :+> r :> s :> [℄� <��>* �[℄ :+> r :> s :> [℄�).apply Same.destru
t (TwoSequen
eTransitiveCommuteRelatesTwoSequen
e1 HX ).destru
t (TwoSequen
eTransitiveCommuteRelatesTwoSequen
e1 HY ).subst.destru
t (TwoSequen
eTransitiveCommuteRelatesTwoSequen
e2 HX ) as [? [? [??℄℄℄.destru
t (TwoSequen
eTransitiveCommuteRelatesTwoSequen
e2 HY ) as [? [? [??℄℄℄.subst.assert (r� <�?�> s�).apply Symmetri
TransitiveCommute in HX.apply (TransitiveTransitiveCommute HX ) in HY.dependent destru
tion HX...dependent destru
tion H1.unfold 
ommutable.
∃ oq0.
∃ q'.
∃ p'...dependent destru
tion H1.dependent destru
tion H1.
ontradi
tion.Qed.XXX Is this right? Looks wrong to me now: 60



Lemma 9.2 (pat
h-in-sequen
e-has-minimal-
ontext)If pqrst←→∗ uq′v (where n (q) = n (q′)) and n (q) /∈ N
(

u
), then q ←→

?

rs.ExplanationWithin a sequen
e, a pat
h has a minimal 
ontext.ProofSuppose, for the purpose of 
ontra
tion, that we have a 
ounterexample. Given s, let us
onsider the right-most q for whi
h the property doesn't hold. Then N
(

r
)

⊆ N
(

u
), so atsome point during the ←→∗ relation q 
ommuted with ea
h of them, and with s. Therefore,by Lemma 9.1, it 
an be 
ommuted past them all. But we assumed that it 
ould not.Contradi
tion.Lemma 9.3 (pat
h-in-universe-has-minimal-
ontext)If psqrst and uq′v, where n (q) = n (q′) and n (q) /∈ N

(

u
), are in a pat
h universe then

〈

q, rs
〉

←→
〈

r′s′, q′′
〉.ExplanationWithin a pat
h universe, a pat
h has a minimal 
ontext.ProofWhen a pat
h is �rst re
orded, Lemma 9.2 tells us that it has a minimal 
ontext.Another pat
h being re
orded or unre
orded trivially doesn't alter its minimal 
ontext, asboth operations a
t on the end of the pat
h sequen
e.Commute trivially doesn't a�e
t the minimal 
ontext, as the sequen
e doesn't 
hange.When merging, the pat
h is either in the 
ommon pre�x or one of the su�xes. If it is in the
ommon pre�x or the su�x that remains un
hanged then the minimal 
ontext is una�e
tedfor the same reason that it is when re
ording new pat
hes. If it is in the other su�x, thenthe de�nition of ⊕ tells us that we 
an 
ommute it to give us the 
ase where it is in the�rst su�x, so this 
ase is satis�ed too.XXX This is one of the important theorems: That given a pat
h universe, we 
an get to the pointthat the merge algorithm starts atTheorem 9.1 (pat
h-universe-provides-merge-input)Suppose we have two pat
h sequen
es p and q.Then 〈

p
〉

←→∗
〈

rs
〉 and 〈

q
〉

←→∗
〈

rt
〉 where N

(

s
)

∩N
(

t
)

= ∅.ExplanationXXXProofXXXXXXSequen
es will be 
onsidered equal if they are equal up to 
ommutation; in parti
ular, when wetalk about something like pq we mean �a sequen
e r whi
h, after some number of 
ommutations,is equal to pq�.End pat
h universes.
oqdo
printing <�>u !u printing <�?�>u ?
!u printing 2u ǫuprinting <�> ! printing <�?�> ?

! printing 2 ǫ 
ontexted pat
hes61



10 Contexted pat
hesModule Export 
ontexted pat
hes.Require Import Equality.Require Import names.Require Import pat
h universes.De�nition 10.1 (
ontexted-pat
h)For all pat
hes r ∈ P, : r is a 
ontexted pat
h of r. For all 
ontexted pat
hes q : r and pat
hes
p ∈ P, pq : r is a 
ontexted pat
h of r if and only if 〈p, qr〉 ←→ fail and q 6= p−1q

′ for somesequen
e q
′.ExplanationSometimes we will want to keep a �referen
e� to a pat
h p. However, for a pat
h to be usefulwe have to know what 
ontext it should be applied in. The purpose of a 
ontexted pat
h isto keep tra
k of a pat
h, and the 
ontext in whi
h it applies.The pat
h sequen
e before the 
olon is the 
ontext; the pat
h after the 
olon is the pat
h thatwe are interested in.Indu
tive ContextedPat
h {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}(pu : Pat
hUniverse pui)(from : NameSet): Type:= MkContextedPat
h : ∀ {mid to : NameSet}{
Contains : SignedNameSet}(
 : Sequen
e pu 
Contains from mid)(p : pu type mid to),ContextedPat
h pu from.(* XXX Des
ribe this in the latex: *)Definition 
ontextedPat
h name {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{from : NameSet}(
 : ContextedPat
h pu from) : SignedName:= mat
h 
 with

| MkContextedPat
h p ⇒ pu nameOf pend.De�nition 10.2 (pat
h-
ommute-past)Given a pat
h p and a 
ontexted pat
h q : r, we de�ne −→, pronoun
ed 
ommute past, thus:
〈

p, q : r
〉

−→
〈

q
′

: r′
〉 if (〈p, q〉←→ 〈

q
′

, p′
〉

) ∧ (〈p′, r〉 ←→ 〈r′, p′′〉)
〈

p, q : r
〉

−→ fail otherwiseAxiom 
heat : ∀ {a}, a.Indu
tive CommutePast {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}62



{pu : Pat
hUniverse pui}: ∀ {from mid : NameSet},pu type from mid
→ ContextedPat
h pu mid
→ ContextedPat
h pu from
→ Prop:= CommutePastNil :
∀ (fromNilContains midNilContains : SignedNameSet)(from mid mid' to : NameSet)(p : pu type from mid)(ident : pu type mid to)(ident' : pu type from mid' )(p' : pu type mid' to)(H : �p, ident� <�> �ident', p'�)(fromNilOK : NilOK from from fromNilContains)(midNilOK : NilOK mid mid midNilContains),CommutePast p(MkContextedPat
h [℄ ident)(MkContextedPat
h [℄ ident' )

| CommutePastCons :
∀ (rsContains qRsContains rs'Contains q'Rs'Contains : SignedNameSet)(o op opq opqr opqrs oq oqr oqrs : NameSet)(p : pu type o op)(
ontextQ : pu type op opq)(
ontextRs : Sequen
e pu rsContains opq opqr)(ident : pu type opqr opqrs)(
ontextQ' : pu type o oq)(
ontextRs' : Sequen
e pu rs'Contains oq oqr)(ident' : pu type oqr oqrs)(p' : pu type oq opq)(H : CommutePast p'(MkContextedPat
h 
ontextRs ident)(MkContextedPat
h 
ontextRs' ident' ))(qRsConsOK : ConsOK op qRsContains rsContains 
ontextQ)(q'Rs'ConsOK : ConsOK o q'Rs'Contains rs'Contains 
ontextQ' ),CommutePast p(MkContextedPat
h (
ontextQ :> 
ontextRs) ident)(MkContextedPat
h (
ontextQ' :> 
ontextRs' ) ident' ).Definition CommutePastable {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{from mid : NameSet}(p : pu type from mid)(
p : ContextedPat
h pu mid): Prop:= (∃ 
p' : ContextedPat
h pu from,CommutePast p 
p 
p' ). 63



Lemma CommutePastable de
 {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{from mid : NameSet}(p : pu type from mid)(
p : ContextedPat
h pu mid): {CommutePastable p 
p} + {¬CommutePastable p 
p}.Proof.intros.destru
t 
p.dependent indu
tion 
.destru
t nilOK.remember (NameSetEquality nilFromEqTo0 ) as H.
lear HeqH.subst.destru
t (
ommutable de
 p p0 ).left.destru
t 
 as [? [p0' [p' ?℄℄℄.assert (nilFromOK : NilOK from from SignedNameSetMod.empty).
onstru
tor.nameSetDe
.signedNameSetDe
.
∃ (MkContextedPat
h pu from [℄ p0' ).(* XXX Tidy this up: *)apply (CommutePastNilSignedNameSetMod.empty
ontainsfromto0xtopp0p0'p'H).right.admit. (* XXX *)admit. (* XXX *)Qed.Indu
tive CommuteManyPast {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}: ∀ {
ontains : SignedNameSet}{from mid : NameSet},Sequen
e pu 
ontains from mid

→ ContextedPat
h pu mid64



→ ContextedPat
h pu from
→ Prop:= CommuteNilPast : ∀ (fromNilContains : SignedNameSet)(from : NameSet)(
p : ContextedPat
h pu from)(fromNilOK : NilOK from from fromNilContains),CommuteManyPast [℄ 
p 
p

| CommuteConsPast : ∀ (qsContains pQsContains : SignedNameSet)(o op opq : NameSet)(p : pu type o op)(qs : Sequen
e pu qsContains op opq)(
p : ContextedPat
h pu opq)(
p' : ContextedPat
h pu op)(
p� : ContextedPat
h pu o)(CommuteQsPast : CommuteManyPast qs 
p 
p' )(CommutePPast : CommutePast p 
p' 
p�)(
onsOK : ConsOK o pQsContains qsContains p),CommuteManyPast (p :> qs) 
p 
p�.(*Definition 
ommutePast {pu : Pat
hUniverse}{from mid : NameSet}(p : (pu type pu) from mid)(
 : ContextedPat
h pu mid): option (ContextedPat
h pu from):= mat
h 
 with(* XXX Should have Nil = 
Context *)| MkContextedPat
h (Nil ) 
Pat
h =>mat
h (
ommutable de
 pu) p (
heat 
Pat
h) with| left => None| right => Noneend| => Noneend.*)De�nition 10.3 (pat
h-
ommute-past-set)We extend −→ to work on sets of 
ontexted pat
hes in the natural way, i.e. for any pat
h p andset of 
ontexted pat
hes S:
〈p, S〉 −→

〈{

(q
′

: r′) | (q : r) ∈ S ∧
〈

p, q : r
〉

−→
〈

q
′

: r′
〉}〉if all the 
ommute pasts su

eed, and 〈p, S〉 −→ fail otherwise.From here on we assume that 
ontexted pat
hes magi
ally maintain their invariant, i.e. if wehave a pat
h p and a 
ontexted pat
h q : r then when we write pq : r what we mean is, if

〈

p, q : r
〉

−→
〈

q
′

: r′
〉 then q

′

: r′, otherwise pq : r.Definition addToContext {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{from mid : NameSet}(p : pu type from mid)65



(
 : ContextedPat
h pu mid): ContextedPat
h pu from:= 
heat.(*mat
h 
 with| MkContextedPat
h p => pu nameOf pend.*)Program Fixpoint addSequen
eToContext{pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{
ontains : SignedNameSet}{from mid : NameSet}(ps : Sequen
e pu 
ontains from mid)(
 : ContextedPat
h pu mid): ContextedPat
h pu from:= mat
h ps with
| Nil ⇒ 

| Cons p ps' ⇒(addToContext p (addSequen
eToContext ps' 
))end.Next Obligation.symmetry.apply NameSetEquality.apply nilFromEqTo.Qed.Next Obligation.apply NameSetEquality.apply 
onsFromOK.Qed.De�nition 10.4 (
ontexted-pat
h-
on�i
t)We de�ne ⇆, pronoun
ed �does not 
on�i
t with�, su
h that (p : q) ⇆ (r : s) holds if

〈

q−1, p−1r : s
〉

−→ 〈 〉, and does not hold otherwise.ExplanationHere p : q and r : s are two 
ontexted pat
hes starting from the same 
ontext. By invert-ing one of them we 
an put them into a single pat
h sequen
e q−1p−1rs. By building the
ontexted pat
h p−1r : s if p and r both 
ontain a pat
h t, that pat
h will be removed (as
ontexted pat
hes magi
ally maintain their invariant).This is almost, but not quite the same thing as saying pq and rs 
an be 
leanly merged. Fora 
ounter-example, 
onsider : t and t : u. Clearly t and tu 
an be 
leanly merged, giving tu,but 〈t−1, t : u
〉

−→ fail. Likewise, starting with the 
ontexted pat
hes the other way round,we get 〈u−1, t−1 : t
〉

−→ fail.Definition invertContextedPat
h {pu type : (NameSet → NameSet → Type)}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}66



{pu : Pat
hUniverse pui}{from : NameSet}(
 : ContextedPat
h pu from): ContextedPat
h pu from:= 
heat.(*:= mat
h 
 with| MkContextedPat
h ps ident =>addSequen
eToContext ps(addToContext ident(MkContextedPat
h (invert ident)))end.*)End 
ontexted pat
hes.
oqdo
printing <�>u !u printing <�?�>u ?
!u printing 2u ǫuprinting <�> ! printing <�?�> ?

! printing 2 ǫ 
at
hes de�nition11 Cat
hes and ReposModule Export 
at
hes de�nition.Require Import Equality.Require Import List.Require Import names.Require Import pat
h universes.Require Import pat
h universes sequen
es.Require Import invertible pat
hlike.Require Import 
ontexted pat
hes.(* XXX Move this *)Lemma map neq nil : ∀ {t1 t2 : Type}{l : list t1}{f : t1 → t2},l 6= nil
→ map f l 6= nil.Proof with auto.intros.intro.apply map eq nil in H0.
ongruen
e.Qed.(* XXX Move this *)Lemma map neq nil2 : ∀ {t1 t2 : Type}{l : list t1}{f : t1 → t2},map f l 6= nil
→ l 6= nil. 67



Proof with auto.intros.intro.elim H.subst.unfold map...Qed.Now that we have laid the foundations, it is time to introdu
e 
at
hes. We will now be dealingwith another datatype, whi
h may either be a pat
h (as previously de�ned) or a 
on�i
tor. Wewill 
all these beasts 
at
hes.ExplanationThe basi
 idea is that, if two 
at
hes do not 
on�i
t, then we 
an merge them, similar to the waythat we merge pat
hes. However, if they do 
on�i
t then when we merge, we get a 
on�i
torwhi
h re
ords the 
on�i
t. To 
ompute the 
ontents of a repository we take the e�e
ts of all thepat
hes that are in the repository and do not 
on�i
t with any other pat
h in the repository.De�nition 11.1 (
at
hes)A 
at
h is either [p] (the non-
on�i
ted pat
h p ∈ P), [r,X, p : q
] (a 
on�i
ted pat
h q ∈ P), orq

r,X, p : q
y (the inverse of a 
on�i
ted pat
h q ∈ P). In both 
ases, r is a sequen
e of pat
hes,

X is a set of 
ontexted pat
hes, and p : q is a 
ontexted pat
h.Indu
tive Cat
h {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}(ipl : InvertiblePat
hlike pu)(from to : NameSet): Type:= MkCat
h : ∀ (p : pu type from to),Cat
h ipl from to
| Con�i
tor : ∀ {e�e
tContains : SignedNameSet}(e�e
t : Sequen
e pu e�e
tContains from to)(
on�i
ts : list (ContextedPat
h pu to))(ident : ContextedPat
h pu to),(* XXX Proof 
onfli
ts /= ?Proof effe
t� \subseteq 
onfli
ts?Proof 
onfli
ts no dupes? *)Cat
h ipl from to.Impli
it Arguments MkCat
h [pu type ppu pui pu ipl from to℄.Impli
it Arguments Con�i
tor [pu type ppu pui pu ipl from to e�e
tContains ℄.De�nition 11.2 (repos)A repo is a sequen
e of 
at
hes (up to 
ommutation, to be de�ned later) satisfying somerequirements (that, again, we will give later).Let R be the (possibly in�nite) set of repos.AsideDo we really need inverse 
on�i
tors, or 
an we just use 
on�i
tors and invert their internals?68



The meaning of [p] is hopefully 
lear, but what is the meaning of [r,X, p : q
]? To answer thisquestion, we need to 
onsider it in the 
ontext of a repo.Suppose we have the repo c

[

r,X, p : q
]. The e�e
t of the 
on�i
tor on the repo is r, and as wehave already said, p : q is the (
ontexted) pat
h that this 
on�i
tor represents. X is the set of(
ontexted) pat
hes in c that q 
on�i
ts with.AsideIn dar
s' theory, the transitive set of 
on�i
ts is stored. I don't believe that this is needed, andnot having it makes things simpler. Not having it may also mean more things 
ommute.But how is r 
al
ulated? r is the inverses of the subset of the pat
hes in X that do not appearin the e�e
t of any 
on�i
tor in c. In other words, the �rst 
at
h to 
on�i
t with any given pat
hreverts that pat
h.We 
an pi
ture a 
on�i
tor [r,X, p : q
] in a repo as looking like this:

r

p

q

XDe�nition 11.3 (
at
h-e�e
t)We de�ne E to tell us the e�e
t that a 
at
h has on the repo:
E ([p]) = p

E
([

r,X, y
])

= r

E
(q
r,X, y

y)
= r−1De�nition 11.4 (
at
h-
on�i
ts)We de�ne C to tell us the pat
hes that a 
at
h 
on�i
ts with, i.e.:

C ([p]) = ∅

C
([

r,X, y
])

= N (X)

C
(q
r,X, y

y)
= N (X)−1De�nition 11.5 (
at
h-names)We extend n and N to work on 
at
hes in the natural way, i.e.:

n ([p]) = p
n
([

r,X, p : q
])

= n (q)
n
(q
r,X, p : q

y)
= n (q)−1

N (ǫ) = ∅

N
(

cd
)

= {n (c)} ∪N
(

d
)Definition 
at
h name {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from to : NameSet}69



(
 : Cat
h ipl from to) : SignedName:= mat
h 
 with
| MkCat
h p ⇒ pu nameOf p
| Con�i
tor p ⇒ 
ontextedPat
h name pend.De�nition 11.6 (repo-properties)Repos are indu
tively de�ned as follows:

ǫ is a repo.
c [p] is a repo if
• c is a repo
• n (p) is positive
• n (p) /∈ N

(

c
)

• E (c) p is sensible
cde

[

r,X, p : q
] is a repo if:

• cde is a repo
• e is a sequen
e of pat
hes (i.e. there are no 
on�i
tors in e)
• E

(

e
)

= r−1

• E
(

d
)

= p−1

• N
(

de
)

= N (X)

• Every 
at
h in d is either a 
on�i
tor, or in C (d)

• n (y) is positive
• n (y) /∈ N

(

cde
)

• There is no 
at
h f and 
at
h sequen
e g su
h that de = fg and f does not 
on�i
t with
[q].

• E (c) q is sensibleDe�nition 11.7 (
at
h-inverse)We de�ne
[p]−1 =

[

p−1
]

[

r,X, y
]

−1 =
q
r,X, y

y
q
r,X, y

y
−1 =

[

r,X, y
](* XXX Put this elsewhere? *)Definition invertSignedNameSet (s : SignedNameSet): SignedNameSet:= SignedNameSetMod.fold (fun sn s' ⇒ SignedNameSetAdd (signedNameInverse sn) s' ) sSignedNameSetMod.empty.(* XXX Put this elsewhere? *)Program Fixpoint invertSequen
e {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}70



{ipl : InvertiblePat
hlike pu}{from to : NameSet}{psContains : SignedNameSet}(*XXX (nilOK : NilOK from from SignedNameSetMod.empty)*) (ps : Sequen
e pu psContains from to): Sequen
e pu (invertSignedNameSet psContains) to from:= mat
h ps with
| Nil ⇒ [℄
| Cons p ps' ⇒ invertSequen
e ps' :+>((invert p :> Nil (
ontains := SignedNameSetMod.empty)): Sequen
e pu(SignedNameSetAdd (signedNameIn-verse (pu nameOf p)) SignedNameSetMod.empty) from)end.Next Obligation.destru
t wild
ard'.split.nameSetDe
.admit.Qed.Next Obligation.
onstru
tor.destru
t wild
ard'2.auto.signedNameSetDe
.Qed.Next Obligation.split. nameSetDe
.nameSetDe
.admit. (* XXX Needs an extra proof req in pat
h universes,that name of inverse is inverse of name? *)Qed.Next Obligation.split.signedNameSetDe
.admit.split.admit.admit.Defined.(*Definition Cat
hInverse {ipl : InvertiblePat
hlike}{from to : NameSet}(
 : Cat
h ipl from to): Cat
h ipl to from:= mat
h 
 with 71



| MkCat
h p => MkCat
h (invert p)| Confli
tor effe
t 
onfli
ts ident =>Confli
tor (invertSequen
e effe
t)(map (fun 
p => addSequen
eToContext effe
t (invertContextedPat
h 
p)) 
onfli
ts)(addSequen
eToContext effe
t (invertContextedPat
h ident))end.*)11.1 MergeWe now de�ne merge for 
at
hes.De�nition 11.8 (merge)We write the merge operator for 
at
hes as +. It 
annot fail: It introdu
es 
on�i
tors instead.
∀(cd) ∈ R, (ce) ∈ R·
(n (d) = n (e))∨
∃d′ ∈ C, e′ ∈ C·
d+ e = 〈e′, d′〉ExplanationWhat we're saying here is that if we have two repos that di�er in only their last pat
h thenwe 
an always merge them. The two (equal up to 
ommutation) results of the repo mergeare cde′ and ced′.We de�ne + thus:
c + d = 〈d′, c′〉 if 〈

c−1, d
〉

←→
〈

d′, c′−1
〉

[p] + [q] =
〈[

p−1, {: p} , : q
]

,
[

q−1, {: q} , : p
]〉

[p] +
[

r,X, y
]

=
〈[

p−1r,
{

r−1 : p
}

∪X, y
]

,
[

ǫ, {y} , r−1 : p
]〉

[

r,X, y
]

+ [q] =
〈[

ǫ, {y} , r−1 : q
]

,
[

q−1r,
{

r−1 : q
}

∪X, y
]〉

[

rs,W, x
]

+
[

rt, Y, z
]

=
〈[

t
′

,
{

t
′
−1x

}

∪ (s
′
−1Y ), s

′
−1z

]

,
[

s
′

,
{

s
′
−1z

}

∪ (t
′
−1W ), t

′
−1x

]〉if N
(

s
)

∩N
(

t
)

= ∅
〈

s−1, t
〉

←→
〈

t
′

, s
′
−1

〉Note that we haven't yet de�ned ←→ on 
at
hes, but based on how it works on pat
hes youshould have some intuition for what it means.ExplanationThe �rst rule handles the 
ase where there is no 
on�i
t. This works just like pat
h merging.The se
ond rule handles the 
ase where we have two pat
hes, p and q, that 
on�i
t. If wehave p in our repo and we pull q, then we make a 
on�i
tor that inverts p, 
on�i
ts with p,and represents q.Pulling p into a repo 
ontaining q is analogous.The third rule handles the 
ase where we have a pat
h [p] in one repository and a 
on�i
tor,
[

r,X, y
] in the other repository, and they 
on�i
t.If we pull the 
on�i
tor into the repository 
ontaining the pat
h then the 
on�i
tor is the�rst 
at
h to 
on�i
t with p, so it must revert it (along with everything it already reverts).It also needs to re
ord that it 
on�i
ts with p, along with everything that it 
on�i
ted withbefore. And �nally, it re
ords that its identity is still y.72



On the other hand, if we pull the pat
h into a repo 
ontaining the 
on�i
tor, then the pat
hturns into a 
on�i
tor too. It doesn't need to revert y as it is not the �rst 
at
h to 
on�i
twith it: everything in X has already 
on�i
ted with it (XXX lemma that X is not empty).Therefore it has no e�e
t. It does need to re
ord that it 
on�i
ts with y (and only y). And,of 
ourse, it re
ords that its identity is p.The fourth rule is the same as the third rule, but with the 
at
hes in the opposite order.The �fth rule handles the 
ase where we have a 
on�i
tor in ea
h repo, and the 
on�i
torsalso 
on�i
t with ea
h other. The me
hani
s of the rule are similar to the previous tworules, but we need to do some setup work before we 
an apply it. The x 
on�i
tor is the �rstin its repo to 
on�i
t with everything in rs, and the z 
on�i
tor is the �rst in its repo to
on�i
t with everything in rt. But if we pull the z into the repo already 
ontaining y then the
z 
on�i
tor won't be the �rst 
at
h to 
on�i
t with r, as x already 
on�i
ts with it. So weneed to 
ommute all 
ommon pat
hes in the two 
on�i
tor e�e
ts to the left. Furthermore,the details of the rule requires that the remaining e�e
ts do not 
on�i
t with ea
h other. Asmerging 
annot fail, we will have to show that this is the 
ase!11.2 CommuteWe now de�ne 
ommutation of 
at
hes.De�nition 11.9 (
at
h-
ommute)We extend ←→ to operate on 
at
hes, as de�ned below.We 
an break the rules down into 3 
lasses: Those where the pat
hes are the result of a
on�i
ting merge, and the 
on�i
ts gets reshu�ed when they 
ommute; those where the pat
hesare unrelated, and simply 
ommute freely; and a fail 
ase for everything else.Currently we don't give the 
ommute rules for anything involving inverse 
on�i
tors. We don'tbelieve that those rules will raise any new problems, though.Con�i
ted mergeFirst, if we have a pat
h, and a 
on�i
tor that has only 
on�i
ted with that pat
h, then theyswap pla
es:

〈

[p] ,
[

p−1, {: p} , : q
]〉

←→
〈

[q] ,
[

q−1, {: q} , : p
]〉ExplanationThis should make sense if you 
onsider the result of merging two pat
hes:

[p] + [q] =
〈[

p−1, {: p} , : q
]

,
[

q−1, {: q} , : p
]〉If we have two 
on�i
tors, but the one on the right only 
on�i
ts with the one on the left, thenit be
omes a pat
h after it has 
ommuted:

〈[

r,X, y
]

,
[

ǫ, {y} , r−1 : q
]〉

←→
〈

[q] ,
[

q−1r,
{

r−1 : q
}

∪X, y
]〉ExplanationAgain, this follows from the merge:

[

r,X, y
]

+ [q] =
〈[

ǫ, {y} , r−1 : q
]

,
[

q−1r,
{

r−1 : q
}

∪X, y
]〉And the inverse of the previous 
ase:

〈

[p] ,
[

p−1r,
{

r−1 : p
}

∪X, y
]〉

←→
〈[

r,X, y
]

,
[

ǫ, {y} , r−1 : p
]〉ExplanationAgain, this follows from the merge:

[p] +
[

r,X, y
]

=
〈[

p−1r,
{

r−1 : p
}

∪X, y
]

,
[

ǫ, {y} , r−1 : p
]〉73



And now the 
ase where both are 
on�i
tors, and 
on�i
t with ea
h other:
〈[

rs,W, x
]

,
[

t,
{

t−1x
}

∪ Y, z
]〉

←→
〈[

rt′, s′Y, s′z
]

,
[

s′, {z} ∪ t−1W, t−1x
]〉if 〈s, t〉←→ 〈

t′, s′
〉

N
(

r−1
)

⊆ N (Y )

N
(

s−1
)

∩N (Y ) = ∅ExplanationXXX Copy the merge rule and rewriteIn this 
ase we just move the 
on�i
t from one to the other. The splitting of the e�e
t of the
z 
on�i
tor into two parts is the same as we saw earlier, in the �unrelated� 
on�i
t-
on�i
tor
ommute.UnrelatedFirst the simple non-
on�i
ted pat
h 
ase:

〈[p] , [q]〉 ←→ 〈[q′] , [p′]〉 if 〈p, q〉 ←→ 〈q′, p′〉ExplanationIf our 
at
hes just wrap up pat
hes, then they 
ommute like the underlying pat
hes.Now 
ommute a 
on�i
tor past a pat
h, where everything goes smoothly:
〈[

r,X, y
]

, [q]
〉

←→
〈

[q′] ,
[

r′, X ′, y′
]〉 if 〈r, q〉←→ 〈

q′, r′
〉

〈

q−1, y
〉

−→ 〈y′〉
〈

q−1, X
〉

−→ 〈X ′〉ExplanationXXX explanation and pretty pi
tures will be later.Next we have the 
ase where the pat
h and 
on�i
tor start o� the other way round:
〈

[p] ,
[

r,X, y
]〉

←→
〈[

r′, X ′, y′
]

, [p′]
〉 if 〈p, r〉←→ 〈

r′, p′
〉

〈p′, X〉 −→ 〈X ′〉
〈p′, y〉 −→ 〈y′〉ExplanationXXX dittoAnd the last and most 
omplex of the unrelated 
ases, 
ommuting a 
on�i
tor past another
on�i
tor:

〈[

rs,W, x
]

,
[

t, Y, z
]〉

←→
〈[

rt′, s′Y, z′
]

,
[

s′, t−1W,x′
]〉if N (

r−1
)

⊆ N (Y )

N
(

s−1
)

∩N (Y ) = ∅
〈

s, t
〉

←→
〈

t′, s′
〉

x ⇆ tz
∀w ∈W · (w ⇆ tz)
∀y ∈ Y · (x ⇆ ty)
〈

t−1, x
〉

−→ 〈x′〉
〈

s′, z
〉

−→ 〈z′〉ExplanationXXX ditto
74



FailFinally, if none of the above hold, then
〈c, d〉 ←→ failDe�nition 11.10 (
at
h-
on�i
ts)If (cd) ∈ R and (ce) ∈ R, We say d 
on�i
ts with e if and only if 〈d−1, e

〉

←→ fail.ExplanationXXX(* XXX *)Axiom 
heat : ∀ {a}, a.(*(* XXX Put these things below in the right pla
es: *)Indu
tive 
ommuteOneMany : forall {pu type : NameSet -> NameSet -> Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{from mid1 mid2 to : NameSet}{qsContains : SignedNameSet}(p : pu type from mid1)(qs : Sequen
e pu mid1 to qsContains)(qs' : Sequen
e pu from mid2 qsContains)(p' : pu type mid2 to),Prop:= 
ommuteOneNil :forall {pu : Pat
hUniverse}{o op : NameSet}{nilContains : SignedNameSet}(oNilOK : NilOK o o nilContains)(opNilOK : NilOK op op nilContains)(p : pu type o op),
ommuteOneMany p p| 
ommuteOneCons :forall {pu : Pat
hUniverse}{o op opq opqr oq oqr : NameSet}{rsContains qRsContains : SignedNameSet}(p : (pu type pu) o op)(p' : (pu type pu) oq opq)(p� : (pu type pu) oqr opqr)(q : (pu type pu) op opq)(q' : (pu type pu) o oq)(rs : Sequen
e pu rsContains opq opqr)(rs' : Sequen
e pu rsContains oq oqr)(qRsConsOK : ConsOK opqRsContainsrsContainsq)(q'Rs'ConsOK : ConsOK oqRsContainsrsContains75



q')(pq 
ommute q'p' : �p, q� <�> �q', p'�)(p'qs 
ommute qs'p� : 
ommuteOneMany p' rs rs' p�),
ommuteOneMany p (q :> rs) (q' :> rs') p�.Indu
tive 
ommuteManyOne : forall {pu : Pat
hUniverse}{from mid1 mid2 to : NameSet}{psContains : SignedNameSet}(ps : Sequen
e pu from mid1 psContains)(q : (pu type pu) mid1 to)(q' : (pu type pu) from mid2)(ps' : Sequen
e pu mid2 to psContains),Prop:= 
ommuteNilOne :forall {pu : Pat
hUniverse}{o oq : NameSet}{nilContains : SignedNameSet}(nilOK : NilOK o o nilContains)(nilOK : NilOK oq oq nilContains)(q : (pu type pu) o oq),
ommuteManyOne q q| 
ommuteConsOne :forall {pu : Pat
hUniverse}{o op opq opqr or opr : NameSet}{qsContains pQsContains : SignedNameSet}(p : (pu type pu) o op)(p' : (pu type pu) or opr)(qs : Sequen
e pu qsContains op opq)(qs' : Sequen
e pu qsContains opr opqr)(r : (pu type pu) opq opqr)(r' : (pu type pu) op opr)(r� : (pu type pu) o or)(pQsConsOK : ConsOK opQsContainsqsContainsp)(p'Qs'ConsOK : ConsOK orpQsContainsqsContainsp')(qsr 
ommute r'qs' : 
ommuteManyOne qs r r' qs')(pr' 
ommute r�p' : �p, r'� <�> �r�, p'�),
ommuteManyOne (p :> qs) r r� (p' :> qs').Lemma 
ommute OneMany ManyOne: forall {pu : Pat
hUniverse}{from mid1 mid2 to : NameSet}{qsContains : SignedNameSet}(p : (pu type pu) from mid1)(qs : Sequen
e pu mid1 to qsContains)(qs' : Sequen
e pu from mid2 qsContains)(p' : (pu type pu) mid2 to),76




ommuteOneMany p qs qs' p'-> 
ommuteManyOne qs' p' p qs.Proof.intros.admit.Qed.Lemma 
ommute ManyOne OneMany: forall {pu : Pat
hUniverse}{from mid1 mid2 to : NameSet}{psContains : SignedNameSet}(ps : Sequen
e pu from mid1 psContains)(q : (pu type pu) mid1 to)(q' : (pu type pu) from mid2)(ps' : Sequen
e pu mid2 to psContains),
ommuteManyOne ps q q' ps'-> 
ommuteOneMany q' ps' ps q.Proof.intros.admit.Qed.*)Indu
tive AllCommutePast {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid : NameSet}(p : pu type from mid): list (ContextedPat
h pu mid)
→ list (ContextedPat
h pu from)
→ Prop:= AllCommutePastNil :AllCommutePast p nil nil

| AllCommutePastCons :
∀ {
p : ContextedPat
h pu mid}{
ps : list (ContextedPat
h pu mid)}{
p' : ContextedPat
h pu from}{
ps' : list (ContextedPat
h pu from)},CommutePast p 
p 
p' →AllCommutePast p 
ps 
ps' →AllCommutePast p (
ons 
p 
ps) (
ons 
p' 
ps' ).(* XXX Want to be able to use�ps, qs� <�> �qs', ps'�for this, but it doesn't work 
urrently *)Parameter sequen
eCommute : ∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid mid' to : NameSet}77



{psContains qsContains ps'Contains qs'Contains :SignedNameSet }, Sequen
e pu psContains from mid →Sequen
e pu qsContains mid to →Sequen
e pu qs'Contains from mid' →Sequen
e pu ps'Contains mid' to →Prop.Parameter sequen
eCommuteInverse: ∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid mid' to : NameSet}{psContains qsContains ps'Contains qs'Contains : SignedNameSet}(ps : Sequen
e pu psContains from mid )(qs : Sequen
e pu qsContains mid to )(qs' : Sequen
e pu qs'Contains from mid' )(ps' : Sequen
e pu ps'Contains mid' to ),sequen
eCommute ps qs qs' ps'
→ sequen
eCommute qs' ps' ps qs.(* XXX Need to define this properly *)Parameter 
on�i
tsWith : ∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from : NameSet},ContextedPat
h pu from →ContextedPat
h pu from →Prop.(* XXX Need to define this properly *)Parameter 
on�i
tsNames : ∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from : NameSet}(
on�i
ts : list (ContextedPat
h pu from)),SignedNameSet.(* p p �, {:p}, :q <-> q q �, {:q}, :p *)Indu
tive Cat
hCommute1 {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}: ∀ {from mid1 mid2 to : NameSet},Cat
h ipl from mid1
→ Cat
h ipl mid1 to
→ Cat
h ipl from mid2
→ Cat
h ipl mid2 to 78



→ Prop:= MkCat
hCommute1 :
∀ {from to1 to2 : NameSet}{nilContains invPContains invQContains : SignedNameSet}(p : pu type from to1 )(q : pu type from to2 )(namesDi�erent : pu nameOf p 6= pu nameOf q)(do not 
ommute : �(
ommutable (invert q) p))(nilOK : NilOK from from nilContains)(invPConsOK : ConsOK to1invPContainsnilContains(invert p))(invQConsOK : ConsOK to2invQContainsnilContains(invert q)),Cat
hCommute1 (MkCat
h p)(Con�i
tor (invert p :> [℄)(
ons (MkContextedPat
h [℄ p) nil)(MkContextedPat
h [℄ q))(MkCat
h q)(Con�i
tor (invert q :> [℄)(
ons (MkContextedPat
h [℄ q) nil)(MkContextedPat
h [℄ p)).Notation "� p , q � <�>1 � q' , p' �":= (Cat
hCommute1 p q q' p' )(at level 60, no asso
iativity).Indu
tive Cat
hCommute2 {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}: ∀ {from mid1 mid2 to : NameSet},Cat
h ipl from mid1

→ Cat
h ipl mid1 to
→ Cat
h ipl from mid2
→ Cat
h ipl mid2 to
→ Prop:= MkCat
hCommute2 :(* p p � r, {r�:p} U X, y <-> r, X, y , {y }, r �:p *)
∀ {from mid to : NameSet}{qE�e
tContains pE�e
t'Contains qE�e
t'Contains : SignedNameSet}(p : pu type from mid)(qE�e
t : Sequen
e pu qE�e
tContains mid to)(qCon�i
ts : list (ContextedPat
h pu to))(qIdentity : ContextedPat
h pu to)(qE�e
t' : Sequen
e pu qE�e
t'Contains from to)(qCon�i
ts' : list (ContextedPat
h pu to))(qIdentity' : ContextedPat
h pu to)(pE�e
t' : Sequen
e pu pE�e
t'Contains to to)(pCon�i
ts' : list (ContextedPat
h pu to))79



(pIdentity' : ContextedPat
h pu to)(namesDi�erent : pu nameOf p 6= 
ontextedPat
h name qIdentity)(invPRsConsOK : ConsOK midqE�e
tContainsqE�e
t'Contains(invert p))(nilOK : NilOK to to pE�e
t'Contains),�qE�e
t� <��>* �invert p :> qE�e
t'�
→ qCon�i
ts = (MkContextedPat
h (invertSequen
e qE�e
t' ) p) :: qCon�i
ts'
→ qIdentity' = qIdentity
→ pE�e
t' = [℄
→ pCon�i
ts' = qIdentity :: nil
→ pIdentity' = MkContextedPat
h (invertSequen
e qE�e
t' ) p
→ �(qCon�i
ts' = nil)
→ Cat
hCommute2 (MkCat
h p)(Con�i
tor qE�e
tqCon�i
tsqIdentity)(Con�i
tor qE�e
t'qCon�i
ts'qIdentity' )(Con�i
tor pE�e
t'pCon�i
ts'pIdentity' ).Notation "� p , q � <�>2 � q' , p' �":= (Cat
hCommute2 p q q' p' )(at level 60, no asso
iativity).Indu
tive Cat
hCommute3 {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}: ∀ {from mid1 mid2 to : NameSet},Cat
h ipl from mid1
→ Cat
h ipl mid1 to
→ Cat
h ipl from mid2
→ Cat
h ipl mid2 to
→ Prop:= MkCat
hCommute3 :(* r, X, y , {y }, r �:q <-> q q � r, {r �:q} U X, y *)
∀ {from mid to : NameSet}{pE�e
tContains qE�e
tContains pE�e
t'Contains : SignedNameSet}(pE�e
t : Sequen
e pu pE�e
tContains from to)(pCon�i
ts : list (ContextedPat
h pu to))(pIdentity : ContextedPat
h pu to)(qE�e
t : Sequen
e pu qE�e
tContains to to)(qCon�i
ts : list (ContextedPat
h pu to))(qIdentity : ContextedPat
h pu to)(q' : pu type from mid)(pE�e
t' : Sequen
e pu pE�e
t'Contains mid to)(pCon�i
ts' : list (ContextedPat
h pu to))80



(pIdentity' : ContextedPat
h pu to)(namesDi�erent : 
ontextedPat
h name pIdentity 6= 
ontextedPat
h nameqIdentity) (invPRsConsOK : ConsOK midpE�e
t'ContainspE�e
tContains(invert q' ))(nilOK : NilOK to to qE�e
tContains),qE�e
t = [℄
→ qCon�i
ts = pIdentity :: nil
→ qIdentity = MkContextedPat
h (invertSequen
e pE�e
t) q'
→ �pE�e
t'� <��>* �invert q' :> pE�e
t�
→ pCon�i
ts' = (MkContextedPat
h (invertSequen
e pE�e
t) q' ) :: pCon�i
ts
→ pIdentity' = pIdentity
→ �(pCon�i
ts = nil)
→ Cat
hCommute3 (Con�i
tor pE�e
tpCon�i
tspIdentity)(Con�i
tor qE�e
tqCon�i
tsqIdentity)(MkCat
h q' )(Con�i
tor pE�e
t'pCon�i
ts'pIdentity' ).Notation "� p , q � <�>3 � q' , p' �":= (Cat
hCommute3 p q q' p' )(at level 60, no asso
iativity).Indu
tive Cat
hCommute4 {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}: ∀ {from mid1 mid2 to : NameSet},Cat
h ipl from mid1
→ Cat
h ipl mid1 to
→ Cat
h ipl from mid2
→ Cat
h ipl mid2 to
→ Prop:= MkCat
hCommute4 :(* (* r s, W, x t, {t �x} U Y, z <-> r t', s'Y, s'z s', z U t �W,t �x *)*)
∀ {o or ors orst ort : NameSet}{pE�e
tContains qE�e
tContains : SignedNameSet}{pE�e
t'Contains qE�e
t'Contains : SignedNameSet}{
ommonE�e
tContains pOnlyE�e
tContains qOnlyE�e
tContains : Signed-NameSet} (pE�e
t : Sequen
e pu pE�e
tContains o ors)81



(pCon�i
ts : list (ContextedPat
h pu ors))(pIdentity : ContextedPat
h pu ors)(qE�e
t : Sequen
e pu qE�e
tContains ors orst)(qCon�i
ts : list (ContextedPat
h pu orst))(qOtherCon�i
ts : list (ContextedPat
h pu orst))(qIdentity : ContextedPat
h pu orst)(qE�e
t' : Sequen
e pu qE�e
t'Contains o ort)(qCon�i
ts' : list (ContextedPat
h pu ort))(qIdentity' : ContextedPat
h pu ort)(pE�e
t' : Sequen
e pu pE�e
t'Contains ort orst)(pCon�i
ts' : list (ContextedPat
h pu orst))(pIdentity' : ContextedPat
h pu orst)(
ommonE�e
t : Sequen
e pu 
ommonE�e
tContains o or)(pOnlyE�e
t : Sequen
e pu pOnlyE�e
tContains or ors)(qOnlyE�e
t : Sequen
e pu qOnlyE�e
tContains or ort)(namesDi�erent : 
ontextedPat
h name pIdentity 6= 
ontextedPat
h nameqIdentity) (appendOK 
ommonE�e
t pOnlyE�e
t : appendOK 
ommonE�e
t pOnly-E�e
t pE�e
tContains)(appendOK 
ommonE�e
t qOnlyE�e
t : appendOK 
ommonE�e
t qOnlyEf-fe
t qE�e
t'Contains),�pE�e
t� <��>* �
ommonE�e
t :+> pOnlyE�e
t�
→ qCon�i
ts = addSequen
eToContext (invertSequen
e qE�e
t) pIdentity :: qOtherCon-�i
ts
→ �qE�e
t'� <��>* �
ommonE�e
t :+> qOnlyE�e
t�
→ qCon�i
ts' = map (addSequen
eToContext pE�e
t' ) qOtherCon�i
ts
→ qIdentity' = addSequen
eToContext pE�e
t' qIdentity
→ pCon�i
ts' = qIdentity :: map (addSequen
eToContext (invertSequen
e qE�e
t))pCon�i
ts
→ pIdentity' = addSequen
eToContext (invertSequen
e qE�e
t) pIdentity
→ sequen
eCommute pOnlyE�e
t qE�e
t qOnlyE�e
t pE�e
t'
→ �(pCon�i
ts = nil)
→ �(qCon�i
ts' = nil)
→ Cat
hCommute4 (Con�i
tor pE�e
tpCon�i
tspIdentity)(Con�i
tor qE�e
tqCon�i
tsqIdentity)(Con�i
tor qE�e
t'qCon�i
ts'qIdentity' )(Con�i
tor pE�e
t'pCon�i
ts'pIdentity' ).Notation "� p , q � <�>4 � q' , p' �":= (Cat
hCommute4 p q q' p' )(at level 60, no asso
iativity).Indu
tive Cat
hCommute5 {pu type : NameSet → NameSet → Type}82



{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}: ∀ {from mid1 mid2 to : NameSet},Cat
h ipl from mid1
→ Cat
h ipl mid1 to
→ Cat
h ipl from mid2
→ Cat
h ipl mid2 to
→ Prop:= MkCat
hCommute5 :(* Su

essful 
ommute: pat
h/pat
h *)
∀ {from mid1 mid2 to : NameSet}(p : pu type from mid1 )(q : pu type mid1 to)(q' : pu type from mid2 )(p' : pu type mid2 to),�p, q� <�> �q', p'� →Cat
hCommute5 (MkCat
h p) (MkCat
h q) (MkCat
h q' ) (MkCat
h p' ).Notation "� p , q � <�>5 � q' , p' �":= (Cat
hCommute5 p q q' p' )(at level 60, no asso
iativity).(* XXX The ones below here should 
he
k there isn't already a 
onfli
t *)Indu
tive Cat
hCommute6 {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}: ∀ {from mid1 mid2 to : NameSet},Cat
h ipl from mid1

→ Cat
h ipl mid1 to
→ Cat
h ipl from mid2
→ Cat
h ipl mid2 to
→ Prop:= MkCat
hCommute6 :(* Su

essful 
ommute: pat
h/
onfli
tor *)
∀ {from mid1 mid2 to : NameSet}{qE�e
tContains : SignedNameSet}(p : pu type from mid1 )(qE�e
t : Sequen
e pu qE�e
tContains mid1 to)(qCon�i
ts : list (ContextedPat
h pu to))(qIdentity : ContextedPat
h pu to)(qE�e
t' : Sequen
e pu qE�e
tContains from mid2 )(qCon�i
ts' : list (ContextedPat
h pu mid2 ))(qIdentity' : ContextedPat
h pu mid2 )(p' : pu type mid2 to)(namesDi�erent : pu nameOf p 6= 
ontextedPat
h name qIdentity)(noCon�i
t : ¬SignedNameSetIn (pu nameOf p) (
on�i
tsNames qCon-�i
ts)), �p, qE�e
t� <�> �qE�e
t', p'� →CommutePast p' qIdentity qIdentity' →qCon�i
ts' = map (addToContext p' ) qCon�i
ts →83



�(qCon�i
ts = nil) →Cat
hCommute6 (MkCat
h p)(Con�i
tor qE�e
tqCon�i
tsqIdentity)(Con�i
tor qE�e
t'qCon�i
ts'qIdentity' )(MkCat
h p' ).Notation "� p , q � <�>6 � q' , p' �":= (Cat
hCommute6 p q q' p' )(at level 60, no asso
iativity).Indu
tive Cat
hCommute7 {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}: ∀ {from mid1 mid2 to : NameSet},Cat
h ipl from mid1
→ Cat
h ipl mid1 to
→ Cat
h ipl from mid2
→ Cat
h ipl mid2 to
→ Prop:= MkCat
hCommute7 :(* Su

essful 
ommute: 
onfli
tor/pat
h *)
∀ {from mid1 mid2 to : NameSet}{pE�e
tContains : SignedNameSet}(pE�e
t : Sequen
e pu pE�e
tContains from mid1 )(pCon�i
ts : list (ContextedPat
h pu mid1 ))(pIdentity : ContextedPat
h pu mid1 )(q : pu type mid1 to)(q' : pu type from mid2 )(pE�e
t' : Sequen
e pu pE�e
tContains mid2 to)(pCon�i
ts' : list (ContextedPat
h pu to))(pIdentity' : ContextedPat
h pu to)(namesDi�erent : 
ontextedPat
h name pIdentity 6= pu nameOf q),�pE�e
t, q� <�> �q', pE�e
t'� →CommutePast (invert q) pIdentity pIdentity' →pCon�i
ts' = map (addToContext (invert q)) pCon�i
ts →�(pCon�i
ts = nil) →Cat
hCommute7 (Con�i
tor pE�e
tpCon�i
tspIdentity)(MkCat
h q)(MkCat
h q' )(Con�i
tor pE�e
t'pCon�i
ts'pIdentity' ).Notation "� p , q � <�>7 � q' , p' �":= (Cat
hCommute7 p q q' p' )(at level 60, no asso
iativity). 84



Indu
tive Cat
hCommute8 {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}: ∀ {from mid1 mid2 to : NameSet},Cat
h ipl from mid1
→ Cat
h ipl mid1 to
→ Cat
h ipl from mid2
→ Cat
h ipl mid2 to
→ Prop:= MkCat
hCommute8 :(* Su

essful 
ommute: 
onfli
tor/
onfli
tor *)
∀ {from 
ommon mid1 mid2 to : NameSet}{
ommonE�e
tContains : SignedNameSet}{pE�e
tContains pOnlyE�e
tContains : SignedNameSet}{qE�e
tContains qOnlyE�e
tContains : SignedNameSet}(pE�e
t : Sequen
e pu pE�e
tContains from mid1 )(pCon�i
ts : list (ContextedPat
h pu mid1 ))(pIdentity : ContextedPat
h pu mid1 )(qE�e
t : Sequen
e pu qE�e
tContains mid1 to)(qCon�i
ts : list (ContextedPat
h pu to))(qIdentity : ContextedPat
h pu to)(qE�e
t' : Sequen
e pu qE�e
tContains from mid2 )(qCon�i
ts' : list (ContextedPat
h pu mid2 ))(qIdentity' : ContextedPat
h pu mid2 )(pE�e
t' : Sequen
e pu pE�e
tContains mid2 to)(pCon�i
ts' : list (ContextedPat
h pu to))(pIdentity' : ContextedPat
h pu to)(
ommonE�e
t : Sequen
e pu 
ommonE�e
tContains from 
ommon)(pOnlyE�e
t : Sequen
e pu pOnlyE�e
tContains 
ommon mid1 )(qOnlyE�e
t : Sequen
e pu qOnlyE�e
tContains 
ommon mid2 )(appendOK 
ommonE�e
t pOnlyE�e
t : appendOK 
ommonE�e
t pOnly-E�e
t pE�e
tContains)(appendOK 
ommonE�e
t qOnlyE�e
t : appendOK 
ommonE�e
t qOnlyEf-fe
t qE�e
tContains)(namesDi�erent : 
ontextedPat
h name pIdentity 6= 
ontextedPat
h nameqIdentity), (* Effe
ts *)(* pEffe
t qEffe
t<from> 
ommonEffe
t <
ommon> pOnlyEffe
t <mid1> <mid1>qEffe
t<to>qEffe
t' pEffe
t'<from> 
ommonEffe
t <
ommon> qOnlyEffe
t <mid2> <mid2>pEffe
t'<to>*) sequen
eCommute pOnlyE�e
t qE�e
t qOnlyE�e
t pE�e
t' →�pE�e
t� <��>* �
ommonE�e
t :+> pOnlyE�e
t� →�qE�e
t'� <��>* �
ommonE�e
t :+> qOnlyE�e
t� →SignedNameSetEqualSignedNameSetMod.empty 85



(SignedNameSetMod.interpOnlyE�e
tContainsqOnlyE�e
tContains) →(* Identities *)CommuteManyPast (invertSequen
e qE�e
t) pIdentity pIdentity' →CommuteManyPast pE�e
t' qIdentity qIdentity' →(* Confli
ts *)pCon�i
ts' = map (addSequen
eToContext (invertSequen
e qE�e
t)) pCon�i
ts →qCon�i
ts' = map (addSequen
eToContext pE�e
t' ) qCon�i
ts →(* The pat
hes themselves 
an't 
onfli
t *)�(
on�i
tsWith pIdentity (addSequen
eToContext qE�e
t qIdentity)) →�(pCon�i
ts = nil) →�(qCon�i
ts = nil) →Cat
hCommute8 (Con�i
tor pE�e
tpCon�i
tspIdentity)(Con�i
tor qE�e
tqCon�i
tsqIdentity)(Con�i
tor qE�e
t'qCon�i
ts'qIdentity' )(Con�i
tor pE�e
t'pCon�i
ts'pIdentity' ).Notation "� p , q � <�>8 � q' , p' �":= (Cat
hCommute8 p q q' p' )(at level 60, no asso
iativity).Indu
tive Cat
hCommute {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid1 mid2 to : NameSet}(p : Cat
h ipl from mid1 )(q : Cat
h ipl mid1 to)(q' : Cat
h ipl from mid2 )(p' : Cat
h ipl mid2 to): Prop(* p p �, {:p}, :q <-> q q �, {:q}, :p *):= isCat
hCommute1 : ∀ (
at
hCommuteDetails : Cat
hCommute1 p q q' p' ),Cat
hCommute p q q' p'(* p p � r, {r�:p} U X, y <-> r, X, y , {y }, r �:p *)
| isCat
hCommute2 : ∀ (
at
hCommuteDetails : Cat
hCommute2 p q q' p' ),Cat
hCommute p q q' p'(* r, X, y , {y }, r �:q <-> q q � r, {r �:q} U X, y *)
| isCat
hCommute3 : ∀ (
at
hCommuteDetails : Cat
hCommute3 p q q' p' ),86



Cat
hCommute p q q' p'(* r s, W, x t, {t �x} U Y, z <-> r t', s'Y, s'z s', z U t �W,t �x *)
| isCat
hCommute4 : ∀ (
at
hCommuteDetails : Cat
hCommute4 p q q' p' ),Cat
hCommute p q q' p'(* Su

essful 
ommute: pat
h/pat
h *)
| isCat
hCommute5 : ∀ (
at
hCommuteDetails : Cat
hCommute5 p q q' p' ),Cat
hCommute p q q' p'(* Su

essful 
ommute: pat
h/
onfli
tor *)
| isCat
hCommute6 : ∀ (
at
hCommuteDetails : Cat
hCommute6 p q q' p' ),Cat
hCommute p q q' p'(* Su

essful 
ommute: 
onfli
tor/pat
h *)
| isCat
hCommute7 : ∀ (
at
hCommuteDetails : Cat
hCommute7 p q q' p' ),Cat
hCommute p q q' p'(* Su

essful 
ommute: 
onfli
tor/
onfli
tor *)
| isCat
hCommute8 : ∀ (
at
hCommuteDetails : Cat
hCommute8 p q q' p' ),Cat
hCommute p q q' p'.Notation "� p , q � <�>
 � q' , p' �":= (Cat
hCommute p q q' p' )(at level 60, no asso
iativity).(* XXX Move this lemma to 
ontexted pat
hes: *)Lemma nameOfAddSequen
eToContext :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from to : NameSet}{psContains : SignedNameSet}{ps : Sequen
e pu psContains from to}{
p : ContextedPat
h pu to},
ontextedPat
h name (addSequen
eToContext ps 
p) = 
ontextedPat
h name 
p.Proof with auto.intros.indu
tion ps.admit.admit.Qed.(* XXX *)Lemma addSequen
eToContextInverse1 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from to : NameSet}{psContains : SignedNameSet}{ps : Sequen
e pu psContains from to}{
p : ContextedPat
h pu from},addSequen
eToContext ps(addSequen
eToContext (invertSequen
e ps) 
p) = 
p.87



Proof with auto.intros.indu
tion ps.admit.admit.Qed.Lemma addSequen
eToContextInverse2 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from to : NameSet}{psContains : SignedNameSet}{ps : Sequen
e pu psContains from to}{
p : ContextedPat
h pu to},addSequen
eToContext (invertSequen
e ps)(addSequen
eToContext ps 
p) = 
p.Proof with auto.intros.indu
tion ps.admit.admit.Qed.Lemma addSequen
eToContextIdentity1 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from to : NameSet}{psContains : SignedNameSet}{ps : Sequen
e pu psContains from to},
∀ (
p : ContextedPat
h pu from),(fun x ⇒addSequen
eToContext ps(addSequen
eToContext (invertSequen
e ps) x )) 
p= (fun x ⇒ x ) 
p.Proof with auto.intros.simpl.apply addSequen
eToContextInverse1...Qed.Lemma addSequen
eToContextIdentity2 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from to : NameSet}{psContains : SignedNameSet} 88



{ps : Sequen
e pu psContains from to},
∀ (
p : ContextedPat
h pu to),(fun x ⇒addSequen
eToContext (invertSequen
e ps)(addSequen
eToContext ps x )) 
p= (fun x ⇒ x ) 
p.Proof with auto.intros.simpl.apply addSequen
eToContextInverse2...Qed.(* XXX Move this lemma to 
ontexted pat
hes: *)Lemma nameOfCommutePast :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from to : NameSet}{p : pu type from to}{
p : ContextedPat
h pu to}{
p' : ContextedPat
h pu from},CommutePast p 
p 
p'

→ 
ontextedPat
h name 
p' = 
ontextedPat
h name 
p.Proof with auto.intros.indu
tion H.simpl.destru
t (
ommuteNames H ) as [? [? ?℄℄...simpl in ×...Qed.(* XXX Move this lemma to 
ontexted pat
hes: *)Lemma nameOfCommuteManyPast :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from to : NameSet}{psContains : SignedNameSet}{ps : Sequen
e pu psContains from to}{
p : ContextedPat
h pu to}{
p' : ContextedPat
h pu from},CommuteManyPast ps 
p 
p'

→ 
ontextedPat
h name 
p' = 
ontextedPat
h name 
p.Proof with auto.intros.indu
tion H...rewrite ← IHCommuteManyPast.apply (nameOfCommutePast CommutePPast).Qed. 89



(* XXX Move this lemma?: *)Lemma nameOfCommuteOneMany :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{from mid1 mid2 to : NameSet}{qsContains : SignedNameSet}{p : pu type from mid1}{qs : Sequen
e pu qsContains mid1 to}{qs' : Sequen
e pu qsContains from mid2}{p' : pu type mid2 to},�p, qs� <�> �qs', p'�

→ pu nameOf p = pu nameOf p'.Proof with auto.Admitted.(*intros.indu
tion H...rewrite <- IH
ommuteOneMany.destru
t (
ommuteNames pq 
ommute q'p')...Qed.*)(* XXX Move this lemma?: *)Lemma nameOfCommuteManyOne :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid1 mid2 to : NameSet}{psContains : SignedNameSet}{ps : Sequen
e pu psContains from mid2}{q : pu type mid2 to}{q' : pu type from mid1}{ps' : Sequen
e pu psContains mid1 to},�ps, q� <�> �q', ps'�

→ pu nameOf q = pu nameOf q'.Proof with auto.Admitted.(*intros.indu
tion H...rewrite IH
ommuteManyOne.destru
t (
ommuteNames pr' 
ommute r�p') as ? [? ?℄...Qed.*)Lemma Cat
hCommuteNames :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}90



{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid1 mid2 to : NameSet}{p : Cat
h ipl from mid1} {q : Cat
h ipl mid1 to}{q' : Cat
h ipl from mid2} {p' : Cat
h ipl mid2 to}(
 : � p , q � <�>
 � q' , p' �),(
at
h name p = 
at
h name p' ) ∧(
at
h name q = 
at
h name q' ) ∧(
at
h name p 6= 
at
h name q).Proof with auto.intros.dependent destru
tion 
; dependent destru
tion 
at
hCommuteDetails ; simpl.split...split...dependent destru
tion pIdentity'.simpl...split...dependent destru
tion qIdentity'.simpl...split...dependent destru
tion pIdentity'...split...dependent destru
tion qIdentity...split...dependent destru
tion pIdentity.rewrite nameOfAddSequen
eToContext...split...dependent destru
tion qIdentity.rewrite nameOfAddSequen
eToContext...apply 
ommuteNames...split...admit.(*dependent destru
tion H...destru
t (
ommuteNames pq 
ommute q'p').rewrite H1.apply (nameOfCommuteOneMany H).*)split...apply nameOfCommutePast in H0...split...rewrite (nameOfCommutePast H0 )...split...apply nameOfCommuteManyOne in H...split...apply nameOfCommuteManyPast in H3...split...apply nameOfCommuteManyPast in H4...Qed.Definition Cat
hCommutable {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}91



{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid1 to : NameSet}(p : Cat
h ipl from mid1 )(q : Cat
h ipl mid1 to) : Prop:= ∃ mid2 : NameSet,
∃ q' : Cat
h ipl from mid2,
∃ p' : Cat
h ipl mid2 to,�p, q� <�>
 �q', p'�.Notation "p <�?�>
 q" := (Cat
hCommutable p q)(at level 60, no asso
iativity).Lemma Cat
hCommutable de
 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid to : NameSet}(p : Cat
h ipl from mid)(q : Cat
h ipl mid to),{p <�?�>
 q} + {�(p <�?�>
 q)}.Proof with auto.intros.destru
t p; destru
t q.(* Two pat
hes 
ase *)destru
t (
ommutable de
 p p0 ).left.destru
t 
 as [mid' [q' [p' 
' ℄℄℄.

∃ mid'.
∃ (MkCat
h q' ).
∃ (MkCat
h p' ).apply isCat
hCommute5.apply MkCat
hCommute5...right.intro 
.destru
t 
 as [mid' [q' [p' 
' ℄℄℄.destru
t 
' ; dependent destru
tion 
at
hCommuteDetails.elim n.

∃ mid2.
∃ q'.
∃ p'...(* Pat
h/Confli
tor 
ase *)admit.(* Confli
tor/Pat
h 
ase *)admit.(* Confli
tor/Confli
tor 
ase *)admit.Qed.Lemma Cat
hCommuteSelfInverse :

∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}92



{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid1 mid2 to : NameSet}{p : Cat
h ipl from mid1}{q : Cat
h ipl mid1 to}{q' : Cat
h ipl from mid2}{p' : Cat
h ipl mid2 to}(
 : �p, q� <�>
 �q', p'�),(�q', p'� <�>
 �p, q�).Proof with auto.intros.destru
t 
; destru
t 
at
hCommuteDetails.(* MkCat
hCommute1 
ase *)apply isCat
hCommute1.apply MkCat
hCommute1.apply sym not eq...intro.destru
t H as [mid [q' [p' H
ommute℄℄℄.apply 
ommuteInverses in H
ommute.rewrite invertInverse in H
ommute.elim do not 
ommute.
∃ mid.
∃ (invert p' ).
∃ (invert q' )...(* MkCat
hCommute2 
ase *)subst.apply isCat
hCommute3.eapply MkCat
hCommute3...(* MkCat
hCommute3 
ase *)subst.apply isCat
hCommute2.eapply MkCat
hCommute2...(* MkCat
hCommute4 
ase *)apply isCat
hCommute4.refine (MkCat
hCommute4qE�e
t' qCon�i
ts' qIdentity'pE�e
t' pCon�i
ts' (map (addSequen
eToContext (invertSe-quen
e qE�e
t)) pCon�i
ts) pIdentity'pE�e
t pCon�i
ts pIdentityqE�e
t qCon�i
ts qIdentity
ommonE�e
t )...subst.rewrite nameOfAddSequen
eToContext.rewrite nameOfAddSequen
eToContext...apply H1.subst.rewrite addSequen
eToContextInverse2...apply H.rewrite map map.rewrite (map ext addSequen
eToContextIdentity1 ).rewrite map id...93



subst.rewrite addSequen
eToContextInverse1...subst.rewrite map map.rewrite (map ext addSequen
eToContextIdentity2 ).rewrite map id...subst.rewrite addSequen
eToContextInverse2...apply sequen
eCommuteInverse...(* MkCat
hCommute5 
ase *)apply isCat
hCommute5.apply MkCat
hCommute5.apply 
ommuteSelfInverse in H...(* MkCat
hCommute6 
ase *)apply isCat
hCommute7.apply MkCat
hCommute7.rewrite ← (nameOfCommuteOneMany H ).rewrite (nameOfCommutePast H0 ).apply sym not eq...admit.(*apply 
ommute OneMany ManyOne...*)admit.admit.subst.apply map neq nil...(* MkCat
hCommute7 
ase *)apply isCat
hCommute6.apply MkCat
hCommute6.rewrite ← (nameOfCommuteManyOne H ).rewrite (nameOfCommutePast H0 ).apply sym not eq...admit.admit.(*apply 
ommute ManyOne OneMany...*)admit.admit.subst.apply map neq nil...(* MkCat
hCommute8 
ase *)apply isCat
hCommute8.eapply MkCat
hCommute8... rewrite (nameOfCommuteManyPast H3 ).rewrite (nameOfCommuteManyPast H4 )...apply sequen
eCommuteInverse...
lear - H2.signedNameSetDe
.admit.admit. 94



admit.admit.admit.subst.apply map neq nil...subst.apply map neq nil...Qed.Lemma Cat
hCommuteUnique1 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu}{from mid mid' mid� to : NameSet}{p : Cat
h ipl from mid} {q : Cat
h ipl mid to}{q' : Cat
h ipl from mid'} {p' : Cat
h ipl mid' to}{q� : Cat
h ipl from mid�} {p� : Cat
h ipl mid� to}(
ommute1 : �p, q� <�>
 �q', p'�)(
ommute2 : �p, q� <�>
 �q�, p��),(mid' = mid�).Proof with auto.intros.dependent destru
tion 
ommute1 ;dependent destru
tion 
at
hCommuteDetails ;dependent destru
tion 
ommute2 ;dependent destru
tion 
at
hCommuteDetails.(* Rule 1 / Rule 1 *)auto.(* Rule 1 / Rule 2 *)
ongruen
e.(* Rule 1 / Rule 6 *)(*noConfli
t : �SignedNameSetIn (pu nameOf ipl p)(
onfli
tsNames (MkContextedPat
h ipl from p :: nil))*)admit. (* Contradi
tion in noConfli
t *)(* Rule 2 / Rule 1 *)
ongruen
e.(* Rule 2 / Rule 2 *)auto.(* Rule 2 / Rule 6 *)subst.(*noConfli
t : �SignedNameSetIn (pu nameOf ipl p)(
onfli
tsNames(MkContextedPat
h ipl to (invertSequen
e qEffe
t') p:: qConfli
ts'))*)admit. (* Contradi
tion in noConfli
t *)95



(* Rule 3 / Rule 3 *)auto.(* Rule 3 / Rule 4 *)apply map neq nil2 in H15.
ongruen
e.(* Rule 3 / Rule 8 *)subst.admit.(* Rule 4 / Rule 3 *)apply map neq nil2 in H8.
ongruen
e.(* Rule 4 / Rule 4 *)subst.admit.(* Rule 4 / Rule 8 *)subst.admit.(* Rule 5 / Rule 5 *)apply (
ommuteUniqueTypes H H0 ).(* Rule 6 / Rule 1 *)(*noConfli
t : �SignedNameSetIn (pu nameOf ipl p)(
onfli
tsNames (MkContextedPat
h ipl from p :: nil))*)admit. (* Contradi
tion in noConfli
t *)(* Rule 6 / Rule 2 *)(*noConfli
t : �SignedNameSetIn (pu nameOf ipl p)(
onfli
tsNames(MkContextedPat
h ipl to (invertSequen
e qEffe
t'0) p:: qConfli
ts'0))*)admit. (* Contradi
tion in noConfli
t *)(* Rule 6 / Rule 6 *)admit.(* Rule 7 / Rule 7 *)admit.(* Rule 8 / Rule 3 *)admit.(* Rule 8 / Rule 4 *)admit.(* Rule 8 / Rule 8 *)admit.Qed.Lemma Cat
hCommuteUnique2 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}{ipl : InvertiblePat
hlike pu} 96



{from mid mid' to : NameSet}{p : Cat
h ipl from mid} {q : Cat
h ipl mid to}{q' : Cat
h ipl from mid'} {p' : Cat
h ipl mid' to}{q� : Cat
h ipl from mid'} {p� : Cat
h ipl mid' to}(
ommute1 : �p, q� <�>
 �q', p'�)(
ommute2 : �p, q� <�>
 �q�, p��),(p' = p�) ∧ (q' = q�).Proof with auto.intros.dependent destru
tion 
ommute1 ;dependent destru
tion 
at
hCommuteDetails ;dependent destru
tion 
ommute2 ;dependent destru
tion 
at
hCommuteDetails.(* Rule 1 / Rule 1 *)split...assert (HX1 : nilOK = nilOK0 ).apply proof irrelevan
e.rewrite HX1.assert (HX2 : invQContains = invQContains0 ).
lear - invQConsOK invQConsOK0.destru
t invQConsOK.destru
t invQConsOK0.apply SignedNameSetEquality.remember (pu nameOf (q�)) as HX. (* Workaround for 
oq 2464 *)signedNameSetDe
.subst.assert (HX2 : invQConsOK = invQConsOK0 ).apply proof irrelevan
e.rewrite HX2...(* Rule 1 / Rule 2 *)
ongruen
e.(* Rule 1 / Rule 6 *)admit.(* Others... *)
ongruen
e.admit.admit.admit.admit.admit.admit.admit.admit.admit.admit.admit.admit.admit.admit.admit.admit.(* 97



destru
t (
ommuteUnique H H0).subst.split...admit.*)Qed.End 
at
hes de�nition.
oqdo
printing <�>u !u printing <�?�>u ?
!u printing 2u ǫuprinting <�> ! printing <�?�> ?

! printing 2 ǫ 
at
hes12 Cat
hes and ReposModule Export 
at
hes.Require Import Equality.Require Import names.Require Import pat
h universes.Require Import invertible pat
hlike.Require Import 
ontexted pat
hes.Require Import 
at
hes de�nition.Require Import 
at
hes 
ommute 
onsistent.Lemma Cat
hCommuteConsistent2 :
∀ {pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}(ipl : InvertiblePat
hlike pu){o op opq opqr or oq oqr : NameSet}{q3 : Cat
h ipl o oq}{r3 : Cat
h ipl oq oqr}{p3 : Cat
h ipl oqr opqr}{q4 : Cat
h ipl or oqr}{r4 : Cat
h ipl o or}{p1 : Cat
h ipl o op}{q1 : Cat
h ipl op opq}{r1 : Cat
h ipl opq opqr}{p5 : Cat
h ipl oq opq},�q3, r3� <�>
 �r4, q4�

→ �r3, p3� <�>
 �p5, r1�
→ �q3, p5� <�>
 �p1, q1�
→ (∃ opr : NameSet,(∃ r2 : Cat
h ipl op opr,(∃ q2 : Cat
h ipl opr opqr,(∃ p6 : Cat
h ipl or opr,�q1, r1� <�>
 �r2, q2� ∧�q4, p3� <�>
 �p6, q2� ∧ 98



�r4, p6� <�>
 �p1, r2�)))).Proof with auto.intros.(*dependent destru
tion H; dependent destru
tion H0; dependent destru
tion H1...XXX.destru
t (
ommuteNames H) as HX1 [HX2 HX3℄.admit.(* 
ongruen
e. *)destru
t (
ommuteConsistent1 H H0 H1) as or [r4 [q4 [p6 [H2 [H3 H4 ℄℄℄℄℄.exists or.exists (MkCat
h r4).exists (MkCat
h q4).exists (MkCat
h p6).split.apply MkCat
hCommute...split.apply MkCat
hCommute...apply MkCat
hCommute...(* XXX *)*)admit.Qed.Instan
e Cat
hPartPat
hUniverse{pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}(ipl : InvertiblePat
hlike pu): PartPat
hUniverse (Cat
h ipl) (Cat
h ipl):= mkPartPat
hUniverse(Cat
h ipl)(Cat
h ipl)(�Cat
hCommute )(�Cat
hCommutable de
 )(�Cat
hCommuteUnique1 )(�Cat
hCommuteUnique2 ).Instan
e Cat
hPat
hUniverseInv{pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}(ipl : InvertiblePat
hlike pu): Pat
hUniverseInv (Cat
hPartPat
hUniverse ipl) (Cat
hPartPat
hUniverse ipl):= mkPat
hUniverseInv(Cat
h ipl) 99



(Cat
h ipl)(Cat
hPartPat
hUniverse ipl)(Cat
hPartPat
hUniverse ipl)(�Cat
hCommuteSelfInverse ).Instan
e Cat
hPat
hUniverse{pu type : NameSet → NameSet → Type}{ppu : PartPat
hUniverse pu type pu type}{pui : Pat
hUniverseInv ppu ppu}{pu : Pat
hUniverse pui}(ipl : InvertiblePat
hlike pu): Pat
hUniverse (Cat
hPat
hUniverseInv ipl):= mkPat
hUniverse(Cat
h ipl)(Cat
hPartPat
hUniverse ipl)(Cat
hPat
hUniverseInv ipl)(�
at
h name )(�Cat
hCommuteConsistent1 )(�Cat
hCommuteConsistent2 )(�Cat
hCommuteNames ).End 
at
hes.
oqdo
printing <�>u !u printing <�?�>u ?
!u printing 2u ǫuprinting <�> ! printing <�?�> ?

! printing 2 ǫ 
at
h pat
h universe13 Cat
h Pat
h UniverseModule Export 
at
h pat
h universe.Require Import hunks.Require Import 
at
hes.Require Import 
at
hes de�nition.Require Import pat
h universes.Require Import names.Definition HunkCat
hType := Cat
h HunkInvertiblePat
hlike.Definition HunkCat
hPartPat
hUniverse := Cat
hPartPat
hUniverse HunkInvertiblePat
hlike.Definition HunkCat
hPat
hUniverseInv := Cat
hPat
hUniverseInv HunkInvertiblePat
hlike.Definition HunkCat
hPat
hUniverse := Cat
hPat
hUniverse HunkInvertiblePat
hlike.Lemma hunkCat
hCommuteInSequen
eConsistent :
∀ {o oq oqr oqrs ou our ours : NameSet}{qsContains : SignedNameSet}{qs : Sequen
e HunkCat
hPat
hUniverse qsContains o oq}{r : HunkCat
hType oq oqr}{s : HunkCat
hType oqr oqrs}(* ts omitted for now *){usContains vsContains : SignedNameSet}{us : Sequen
e HunkCat
hPat
hUniverse usContains o ou}{r' : HunkCat
hType ou our} 100



{s' : HunkCat
hType our ours}{vs : Sequen
e HunkCat
hPat
hUniverse vsContains ours oqrs}{NilContains s NilContains r s NilContains : SignedNameSet}{s' vsContains r' s' vsContains : SignedNameSet}{
ontains : SignedNameSet}(nilOK : NilOK oqrs oqrs NilContains)(s NilConsOK : ConsOK oqr s NilContains NilContains s)(r s NilConsOK : ConsOK oq r s NilContains s NilContains r)(qs r s NilAppendOK : appendOK qs (r :> s :> [℄) 
ontains)(s' vsConsOK : ConsOK our s' vsContains vsContains s' )(r' s' vsConsOK : ConsOK ou r' s' vsContains s' vsContains r' )(us r' s' vsAppendOK : appendOK us (r' :> (s' :> vs)) 
ontains),(�qs :+> r :> s :> [℄� <��>* �us :+> r' :> s' :> vs�)
→ (
at
h name r = 
at
h name r' )
→ (
at
h name s = 
at
h name s' )
→ (r <�?�> s)
→ (r' <�?�> s' ).Proof.apply (�
ommuteInSequen
eConsistent HunkCat
hType HunkCat
hPartPat
hUniverseHunkCat
hPat
hUniverseInv HunkCat
hPat
hUniverse).Qed.

[p] ([a] [b] + [c] [d]) = [p] [a] [b]
[

b−1a−1, {: a, a : b} , : c
]

[ǫ, {: a, a : b} , c : d]You 
an tra
e a sequen
e pabb−1a−1abXXXXXXXXXXXXXXXXXXXXXXXXX Want to show that 
at
hes inhabit a pat
h universeXXX This all need to be updated properly for 
at
hesXXX At some point we need to say that equality on 
at
hes is only up to 
ommutation of theirinternalsLemma 13.1 (
at
h-
ommute-unique)
∀p ∈ P, q ∈ P, j ∈ (P×P) ∪ {fail} , k ∈ (P×P) ∪ {fail} ·
(〈p, q〉 ←→ j) ∧ (〈p, q〉 ←→ k)⇒ j = kExplanationThis is Lemma 7.1 restated for 
at
hes.ProofCat
h 
ommute is a load of pat
h 
ommutes. Ea
h of those pat
h 
ommutes has a uniqueresult by Lemma 7.1.XXX This needs to be strengthened to only talk about 
at
hes adja
ent in a repo:Lemma 13.2 (
at
h-
ommute-self-inverse)
∀p ∈ P, q ∈ P, p′ ∈ P, q′ ∈ P·
(〈p, q〉 ←→ 〈q′, p′〉)⇔ (〈q′, p′〉 ←→ 〈p, q〉)ExplanationThis is Lemma 7.2 restated for 
at
hes. 101



ProofXXX Need names/numbers for the rules.If two 
at
hes 
ommutes by the pat
h/
on�i
ting-pat
h rule, then they 
ommute ba
k bythe same rule.If two 
at
hes 
ommutes by the 
on�i
tor/
on�i
ting-pat
h rule, then they 
ommute ba
kby the pat
h/
on�i
ting-
on�i
tor rule, and vi
e-versa.For the 
on�i
tor/
on�i
ting-
on�i
tor rule, in the forward dire
tion we have
〈[

rs,W, x
]

,
[

t,
{

t−1x
}

∪ Y, z
]〉

←→
〈[

rt′, s′Y, s′z
]

,
[

s′, {z} ∪ t−1W, t−1x
]〉Adding an identity (XXX need a lemma that this is an identity) and some parentheses tothe right hand side gives us

〈[

rt′, (s′Y ), (s′z)
]

,
[

s′,
{

s′−1(s′z)
}

∪ (t−1W ), (t−1x)
]〉and by the 
on�i
tor/
on�i
ting-
on�i
tor rule we get

〈[

rt′, (s′Y ), (s′z)
]

,
[

s′,
{

s′−1(s′z)
}

∪ (t−1W ), (t−1x)
]〉

←→
〈[

rs, t(t−1W ), t(t−1x)
]

,
[

t,
{

(t−1x)
}

∪ s′−1(s′Y ), s′−1(s′z)
]〉if 〈t′, s′〉←→ 〈

s, t
〉

N
(

r−1
)

⊆ N
(

t−1W )
)

N
(

t′−1
)

∩N
(

t−1W )
)

= ∅XXX Show side 
onditions OKFinally, simplifying the result (XXX need a lemma for that too) gives us
〈[

rt′, (s′Y ), (s′z)
]

,
[

s′,
{

s′−1(s′z)
}

∪ (t−1W ), (t−1x)
]〉

←→
〈[

rs,W, x
]

,
[

t,
{

(t−1x)
}

∪ Y, z
]〉and we are ba
k where we started, as required.XXX pat
h/pat
hXXX 
on�i
tor/pat
hXXX pat
h/
on�i
torXXX 
on�i
tor/
on�i
torXXX We need to do something about this one. We probably need to add the 
ases for inverse
on�i
ting pat
hes in the 
ommute rules. This will have the side-e�e
t that we won't need tostrengthen the other lemmata.Lemma 13.3 (
at
h-
ommute-square)

∀p ∈ P, q ∈ P, ∀p′ ∈ P, q′ ∈ P·
(〈p, q〉 ←→ 〈q′, p′〉)⇔

(〈

q′−1, p
〉

←→
〈

p′, q−1
〉)ExplanationThis is Lemma 7.3 restated for 
at
hes.ProofXXXXXX This needs to be strengthened to only talk about 
at
hes adja
ent in a repo:Lemma 13.4 (
at
h-
ommute-preserves-
ommute)

∀p ∈ P, q ∈ P, r ∈ P, p′ ∈ P, q′ ∈ P, r′ ∈ P·

(〈p, qr〉 ←→ 〈q′r′, p′〉)⇒
((

q ←→
?

r
)

⇔
(

q′ ←→
?

r′
))ExplanationThis is Lemma ?? restated for 
at
hes.ProofXXX 102



XXX This needs to be strengthened to only talk about 
at
hes adja
ent in a repo:Lemma 13.5 (
at
h-
ommute-
onsistent)
∀p ∈ P, q ∈ P, r ∈ P, p′ ∈ P, q′ ∈ P, r′ ∈ P·
(〈q, r〉 ←→ 〈r′, q′〉)⇒ ((〈p, qr〉 ←→ 〈 , p′〉)⇔ (〈p, r′q′〉 ←→ 〈 , p′〉))ExplanationThis is Lemma ?? restated for 
at
hes.ProofXXXEnd 
at
h pat
h universe.
oqdo
printing <�>u !u printing <�?�>u ?

!u printing 2u ǫuprinting <�> ! printing <�?�> ?
! printing 2 ǫ hunks14 HunksModule Export hunks.End-to-end proof for hunks.Require Import Arith.Require Import Compare de
.Require Import Setoid.Require Import unnamed pat
hes.Require Import names.Require Import named pat
hes.Require Import pat
h universes.Require Import invertible pat
hlike.(* The offset, remove and add values are the number of linesthe hunk skips over, removes and adds respe
tively. *)Indu
tive Hunk : Set:= MkHunk : ∀ (o�set remove add : nat), Hunk.Definition hunkInverse (x : Hunk) : Hunk :=mat
h x withMkHunk xO� xRemove xAdd ⇒ MkHunk xO� xAdd xRemoveend.Notation "p �u" := (hunkInverse p).(* This isn't the best definition of hunk 
ommute that we 
an make,but it is a simple and 
onsistent definition *)Definition hunkCommute (x y y' x' : Hunk) : Prop :=mat
h x, y, y', x' withMkHunk xO� xRemove xAdd, MkHunk yO� yRemove yAdd,103



MkHunk yO�' yRemove' yAdd', MkHunk xO�' xRemove' xAdd' ⇒(xRemove = xRemove') ∧ (xAdd = xAdd') ∧(yRemove = yRemove') ∧ (yAdd = yAdd') ∧( ( (xO� + xAdd < yO� ) ∧(xO�' = xO� ) ∧(yO�' = yO� - xAdd + xRemove))
∨( (yO� + yRemove < xO� ) ∧(xO�' = xO� - yRemove + yAdd) ∧(yO�' = yO� )))end.Notation "� p , q � <�>u � q' , p' �" := (hunkCommute p q q' p' ).Definition HunkCommutable : Hunk → Hunk → Prop:= fun (p : Hunk) ⇒ fun (q : Hunk) ⇒(∃ p' : Hunk, ∃ q' : Hunk,�p, q� <�>u �q', p'�).Notation "p <�?�>u q" := (HunkCommutable p q).Lemma HunkCommuteUnique :
∀ (p : Hunk) (q : Hunk)(p' : Hunk) (q' : Hunk)(p� : Hunk) (q� : Hunk),�p, q� <�>u �q', p'�

∧ �p, q� <�>u �q�, p��
→ (p' = p�) ∧ (q' = q�).Proof.intros.unfold hunkCommute in H.destru
t p.destru
t q.destru
t p'.destru
t q'.destru
t p�.destru
t q�.destru
t H as [H1 H2 ℄.split; f equal; omega.Qed.Lemma HunkCommutable de
 :
∀ (p : Hunk) (q : Hunk),{p <�?�>u q} + {�(p <�?�>u q)}.Proof with auto.intros.unfold HunkCommutable.destru
t p as [pO� pRemove pAdd ℄.destru
t q as [qO� qRemove qAdd ℄.unfold hunkCommute. 104



destru
t (le gt de
 qO� (pO� + pAdd)).destru
t (le gt de
 pO� (qO� + qRemove)).(* This is the "do not 
ommute" 
ase *)right.intro.destru
t H as [p' [q' H ℄℄.destru
t p'.destru
t q'.omega.(* Commute option 2 *)left.
∃ (MkHunk (pO� - qRemove + qAdd) pRemove pAdd).
∃ (MkHunk qO� qRemove qAdd).split...split...split...(* Commute option 1 *)left.

∃ (MkHunk pO� pRemove pAdd).
∃ (MkHunk (qO� - pAdd + pRemove) qRemove qAdd).split...split...split...Qed.Lemma HunkCommuteSelfInverseOneWay :

∀ (p : Hunk) (q : Hunk)(p' : Hunk) (q' : Hunk),(�p, q� <�>u �q', p'�) →(�q', p'� <�>u �p, q�).Proof with auto.intros.destru
t p.destru
t q.destru
t p'.destru
t q'.unfold hunkCommute in H.unfold hunkCommute.omega.Qed.Lemma HunkCommuteSelfInverse :
∀ (p : Hunk) (q : Hunk)(p' : Hunk) (q' : Hunk),(�p, q� <�>u �q', p'�) ↔(�q', p'� <�>u �p, q�).Proof.intros.split; apply HunkCommuteSelfInverseOneWay.Qed.Lemma HunkCommuteSquare :
∀ (p : Hunk) (q : Hunk)(p' : Hunk) (q' : Hunk), 105



�p, q� <�>u �q', p'� →� q'�u, p� <�>u �p', q�u�.Proof.intros.destru
t p.destru
t q.destru
t p'.destru
t q'.unfold hunkCommute in H.unfold hunkCommute.unfold hunkInverse.omega.Qed.Lemma HunkCommuteConsistent1 :
∀ (p1 : Hunk)(q1 : Hunk)(r1 : Hunk)(q2 : Hunk)(r2 : Hunk)(q3 : Hunk)(r3 : Hunk)(p3 : Hunk)(p5 : Hunk),�q1, r1� <�>u �r2, q2�

→ �p1, q1� <�>u �q3, p5�
→ �p5, r1� <�>u �r3, p3�
→ ∃ r4 : Hunk,
∃ q4 : Hunk,
∃ p6 : Hunk,�q3, r3� <�>u �r4, q4� ∧�p1, r2� <�>u �r4, p6� ∧�p6, q2� <�>u �q4, p3�.Proof with auto.intros.destru
t p1 as [p1O�set p1Remove p1Add ℄.destru
t q1 as [q1O�set q1Remove q1Add ℄.destru
t r1 as [r1O�set r1Remove r1Add ℄.destru
t q2 as [q2O�set q2Remove q2Add ℄.destru
t r2 as [r2O�set r2Remove r2Add ℄.destru
t p3 as [p3O�set p2Remove p2Add ℄.destru
t q3 as [q3O�set q3Remove q3Add ℄.destru
t r3 as [r3O�set r3Remove r3Add ℄.destru
t p5 as [p5O�set p5Remove p5Add ℄.unfold hunkCommute in ×.intuition.(* Case 1: p 
hanges before q, q 
hanges before r *)

∃ (MkHunk (r3O�set - q3Add + q3Remove) r3Remove r3Add).
∃ (MkHunk q3O�set q3Remove q3Add).
∃ (MkHunk p1O�set p1Remove p1Add).subst.intuition. 106



(* Case 3: q 
hanges before p, p 
hanges before r *)
∃ (MkHunk (r3O�set - q3Add + q3Remove) r3Remove r3Add).
∃ (MkHunk q3O�set q3Remove q3Add).
∃ (MkHunk p1O�set p1Remove p1Add).subst.intuition.(* Case 4: q 
hanges before r, r 
hanges before p *)
∃ (MkHunk (r3O�set - q3Add + q3Remove) r3Remove r3Add).
∃ (MkHunk q3O�set q3Remove q3Add).
∃ (MkHunk (p1O�set - r1Remove + r1Add) p1Remove p1Add).subst.intuition.(* Case 5: p 
hanges before r, r 
hanges before q *)
∃ (MkHunk r3O�set r3Remove r3Add).
∃ (MkHunk (q3O�set - r3Remove + r3Add) q3Remove q3Add).
∃ (MkHunk p1O�set p1Remove p1Add).subst.intuition.(* Case 6: r 
hanges before p, p 
hanges before q *)
∃ (MkHunk r3O�set r3Remove r3Add).
∃ (MkHunk (q3O�set - r3Remove + r3Add) q3Remove q3Add).
∃ (MkHunk (p1O�set - r1Remove + r1Add) p1Remove p1Add).subst.intuition.(* Case 8: r 
hanges before q, q 
hanges before p *)
∃ (MkHunk r3O�set r3Remove r3Add).
∃ (MkHunk (q3O�set - r3Remove + r3Add) q3Remove q3Add).
∃ (MkHunk (p1O�set - r1Remove + r1Add) p1Remove p1Add).subst.intuition.Qed.Lemma HunkCommuteConsistent2 :

∀ (p3 : Hunk)(q3 : Hunk)(r3 : Hunk)(q4 : Hunk)(r4 : Hunk)(q1 : Hunk)(r1 : Hunk)(p1 : Hunk)(p5 : Hunk),�q3, r3� <�>u �r4, q4�
→ �r3, p3� <�>u �p5, r1�
→ �q3, p5� <�>u �p1, q1�
→ ∃ r2 : Hunk,
∃ q2 : Hunk,
∃ p6 : Hunk,�q1, r1� <�>u �r2, q2� ∧�q4, p3� <�>u �p6, q2� ∧�r4, p6� <�>u �p1, r2�.Proof with auto. 107



intros.destru
t p3 as [p3O�set p3Remove p3Add ℄.destru
t q3 as [q3O�set q3Remove q3Add ℄.destru
t r3 as [r3O�set r3Remove r3Add ℄.destru
t q4 as [q4O�set q4Remove q4Add ℄.destru
t r4 as [r4O�set r4Remove r4Add ℄.destru
t p1 as [p1O�set p1Remove p1Add ℄.destru
t q1 as [q1O�set q1Remove q1Add ℄.destru
t r1 as [r1O�set r1Remove r1Add ℄.destru
t p5 as [p5O�set p5Remove p5Add ℄.unfold hunkCommute in ×.intuition.(* Case 1: q 
hanges before r, r 
hanges before p *)
∃ (MkHunk (r1O�set - q1Add + q1Remove) r1Remove r1Add).
∃ (MkHunk q1O�set q1Remove q1Add).
∃ (MkHunk (p3O�set - q4Add + q4Remove) p1Remove p1Add).subst.intuition.(* Case 3: q 
hanges before p, p 
hanges before r *)
∃ (MkHunk (r1O�set - q1Add + q1Remove) r1Remove r1Add).
∃ (MkHunk q1O�set q1Remove q1Add).
∃ (MkHunk (p3O�set - q4Add + q4Remove) p1Remove p1Add).subst.intuition.(* Case 4: p 
hanges before q, q 
hanges before r *)
∃ (MkHunk (r1O�set - q1Add + q1Remove) r1Remove r1Add).
∃ (MkHunk q1O�set q1Remove q1Add).
∃ (MkHunk p1O�set p1Remove p1Add).subst.intuition.(* Case 5: r 
hanges before q, q 
hanges before p *)
∃ (MkHunk r1O�set r1Remove r1Add).
∃ (MkHunk (q1O�set - r1Remove + r1Add) q1Remove q1Add).
∃ (MkHunk (p3O�set - q4Add + q4Remove) p1Remove p1Add).subst.intuition.(* Case 6: r 
hanges before p, p 
hanges before q *)
∃ (MkHunk r1O�set r1Remove r1Add).
∃ (MkHunk (q1O�set - r1Remove + r1Add) q1Remove q1Add).
∃ (MkHunk p3O�set p1Remove p1Add).subst.intuition.(* Case 8: p 
hanges before r, r 
hanges before q *)
∃ (MkHunk r1O�set r1Remove r1Add).
∃ (MkHunk (q1O�set - r1Remove + r1Add) q1Remove q1Add).
∃ (MkHunk p1O�set p1Remove p1Add).subst.intuition.Qed.Lemma hunkInverseInverse : ∀ (p : Hunk), (p �u)�u = p.108



Proof.intros.destru
t p.unfold hunkInverse.auto.Qed.Definition HunkUnnamedPat
h : UnnamedPat
h :=mkUnnamedPat
hHunkhunkInversehunkInverseInversehunkCommuteHunkCommuteUniqueHunkCommutable de
HunkCommuteSelfInverseHunkCommuteSquareHunkCommuteConsistent1HunkCommuteConsistent2.Instan
e HunkPartPat
hUniverse : PartPat
hUniverse (NamedPat
h HunkUnnamedPat
h)(NamedPat
h HunkUnnamedPat
h) := NamedPartPat
hUniverse HunkUnnamedPat
h.Instan
e HunkPat
hUniverseInv : Pat
hUniverseInv (NamedPartPat
hUniverse HunkUn-namedPat
h) (NamedPartPat
hUniverse HunkUnnamedPat
h) := NamedPat
hUniverseInvHunkPartPat
hUniverse.Instan
e HunkPat
hUniverse : Pat
hUniverse (NamedPat
hUniverseInv HunkPartPat
hUniverse):= NamedPat
hUniverse HunkPat
hUniverseInv.Instan
e HunkInvertiblePat
hlike : InvertiblePat
hlike (NamedPat
hUniverse HunkPat
hUniver-seInv) := NamedInvertiblePat
hlike HunkPat
hUniverse.Lemma hunkCommuteInSequen
eConsistent :
∀ {o oq oqr oqrs ou our ours : NameSet}{qsContains : SignedNameSet}{qs : Sequen
e HunkPat
hUniverse qsContains o oq}{r : NamedPat
h HunkUnnamedPat
h oq oqr}{s : NamedPat
h HunkUnnamedPat
h oqr oqrs}(* ts omitted for now *){usContains vsContains : SignedNameSet}{us : Sequen
e HunkPat
hUniverse usContains o ou}{r' : NamedPat
h HunkUnnamedPat
h ou our}{s' : NamedPat
h HunkUnnamedPat
h our ours}{vs : Sequen
e HunkPat
hUniverse vsContains ours oqrs}{NilContains s NilContains r s NilContains : SignedNameSet}{s' vsContains r' s' vsContains : SignedNameSet}{
ontains : SignedNameSet}(nilOK : NilOK oqrs oqrs NilContains)(s NilConsOK : ConsOK oqr s NilContains NilContains s)(r s NilConsOK : ConsOK oq r s NilContains s NilContains r)(qs r s NilAppendOK : appendOK qs (r :> s :> [℄) 
ontains)(s' vsConsOK : ConsOK our s' vsContains vsContains s' )(r' s' vsConsOK : ConsOK ou r' s' vsContains s' vsContains r' )109



(us r' s' vsAppendOK : appendOK us (r' :> (s' :> vs)) 
ontains),(�qs :+> r :> s :> [℄� <��>* �us :+> r' :> s' :> vs�)
→ (pu nameOf r = pu nameOf r' )
→ (pu nameOf s = pu nameOf s' )
→ (r <�?�> s)
→ (r' <�?�> s' ).Proof.apply (�
ommuteInSequen
eConsistent(NamedPat
h HunkUnnamedPat
h)HunkPartPat
hUniverseHunkPat
hUniverseInvHunkPat
hUniverse).Qed.End hunks.A More 
at
h bitsXXX This whole se
tion wants to be merged ba
k in as appropriate.XXX Merge bitsConje
ture A.1 (merge-
ommute-
annot-fail)The 
ommute in the merge de�nition 
annot fail.ExplanationIf it fails then something has gone badly wrong, as merge is not allowed to fail!Conje
ture A.2 (merge-makes-repos)If (cd) ∈ R, (ce) ∈ R, d′ ∈ C, e′ ∈ C, d+ e = 〈e′, d′〉 then cde′ ∈ R ∧ ced′ ∈ R.ExplanationThis states that merging two valid repositories results in another valid repository.Conje
ture A.3 (merge-e�e
t)XXX This is rubbish. Fix it. Or just rely on the spe
 of the e�e
t of a repo, whi
h we haven'tgiven yet.If (cd) ∈ R, (ce) ∈ R and d + e = 〈e′, d′〉 then E (de′) = E (ed′) if 〈d−1, e

〉

←→ 〈 , 〉, and idotherwise.ExplanationXXX A
tually, I think this is wrong if the two 
at
hes are not both pat
hes.Anyway, the idea is that we should apply the a�e
ts if the merge su

eeds, but there shouldbe no net e�e
t if it doesn't.Conje
ture A.4 (merge-symmetri
)If (cd) ∈ R, (ce) ∈ R and d+ e = 〈e′, d′〉 then e+ d = 〈d′, e′〉.ExplanationMerging d and e is the same as merging e and d.Conje
ture A.5 (merge-
ommute)If (cd) ∈ R, (ce) ∈ R and d+ e = 〈e′, d′〉 then 〈d, e′〉 ←→ 〈e, d′〉.110



ExplanationThe two ways of 
onstru
ting the result of a merge are equivalent.Conje
ture A.6 (merge-
ommute2)If (cde) ∈ R, (cdf) ∈ R, e+ f = 〈fr, er〉 , 〈d, e〉 ←→ 〈e′, de〉 , 〈d, f〉 ←→ 〈f ′, df 〉 then
〈de, fr〉 ←→ 〈 , d′〉 , 〈df , er〉 ←→ 〈 , d′〉 , e′ + f ′ = 〈f ′

r, e
′

r〉 , de + f ′

r = 〈 , d′〉 , df + e′r = 〈 , d′〉ExplanationFirst, a 
ouple of diagrams may help make it 
learer what is going on:
d

e

f

fr

er

e′

f ′

f ′

r

e′r

d′

de

dfThis 
onje
ture says that if d 
ommutes past e and f then we 
an 
ommute it before or aftermerging, and get 
onsistent results either way.XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 
ommute bitsDe�nition A.1 (
at
h-
ommute)We extend ←→ to operate on 
at
hes, as de�ned below.We 
an break the rules down into 3 
lasses: Those where the pat
hes are unrelated, and simply
ommute freely; those where the pat
hes are the result of a 
on�i
ting merge, and the 
on�i
tsgets reshu�ed when they 
ommute; and a fail 
ase for anything else.Currently we don't give the 
ommute rules for anything involving inverse 
on�i
tors. We don'tbelieve that those rules will raise any new problems, though.UnrelatedFirst the simple non-
on�i
ted pat
h 
ase:
〈[p] , [q]〉 ←→ 〈[q′] , [p′]〉 if 〈p, q〉 ←→ 〈q′, p′〉ExplanationIf our 
at
hes just wrap up pat
hes, then they 
ommute like the underlying pat
hes.111



Now 
ommute a 
on�i
tor past a pat
h, where everything goes smoothly:
〈[

r,X, y
]

, [q]
〉

←→
〈

[q′] ,
[

r′, X ′, y′
]〉 if 〈r, q〉←→ 〈

q′, r′
〉

〈

q−1, y
〉

−→ 〈y′〉
〈

q−1, X
〉

−→ 〈X ′〉ExplanationOK, now things start to look a little more daunting, but if you work through it then it'sreally not that bad. We start o� with this situation:
r q

y

XNow, we want to 
ommute the two pat
hes, so 
learly we need to 
ommute r and q, whi
hleaves us here:
q′ r′

r qr q

y

X

The q′r′ is what we want, but the y and X that should be part of the 
on�i
tor have be
omedeta
hed from it. Let's rearrange the diagram a bit to make it 
learer what we need to do:
q′ r′

q−1

y

X

So we need to add q−1 into the 
ontext of y and X. We have two ways of doing this: We
an simply add q−1 to the 
ontext, whi
h 
annot fail (by de�nition), or we 
an 
ommute q−1past y and X, whi
h 
an. Being able to 
ommute pat
hes is good, so if possible we would112



prefer to use the option that doesn't fail; but is that possible?First, let's 
onsider y, and for the purpose of 
ontradi
tion, let us assume that the 
at
h
ommute 
an su
eed even if q−1 
annot be 
ommuted past y.Suppose we have two repos [s] and [t], where s and t 
on�i
t. We merge them, giving us
[s]

[

s−1, {: s} , : t
], and then re
ord another pat
h [u], giving us [s]

[

s−1, {: s} , : t
]

[u]. We
hoose u su
h that 〈s−1, u
〉

←→
〈

u′, s′−1
〉 and 〈

t−1, u
〉

←→ fail. Then we 
an 
ommute [u]past both 
at
hes, giving us [u] [s′] [s′−1, {: s′} , u−1 : t
]. So far so good.But before we 
ommute u past, we 
an �rst 
ommute s and t, giving us [t] [t−1, {: t} , : s

]

[u].But now it is not possible to 
ommute u past!This isn't what we want, so we now know that we must require that the 
ommute past ysu

eeds. This explains why we require 〈

q−1, y
〉

−→ 〈y′〉, and gets us to here:
q′ r′

q−1

y′ X

Now we need to work out whether we need to require that q−1 
ommutes past X or not.Again, for the purpose of 
ontradi
tion, assume that we don't require this.Suppose we have three repos [s], [t] and [u], where s 
on�i
ts with t and u. Then we mergethese three repos to give us something like
[s]

[

s−1, {: s} , : t
]

[ǫ, {: s} , : u]Next re
ord another pat
h v, whi
h 
ommutes with everything ex
ept for s−1. So now wehave
[s]

[

s−1, {: s} , : t
]

[ǫ, {: s} , : u] [v]Now, we 
an 
ommute v past the u 
on�i
tor, but not the t 
on�i
tor (as it 
annot 
ommutepast the e�e
t, s−1):
[s]

[

s−1, {: s} , : t
]

[v]
[

ǫ,
{

v−1 : s
}

, : u′
]Likewise, we 
an �rst 
ommute the t and u 
on�i
tors and then 
ommute v past the t
on�i
tor, but not the u 
on�i
tor:

[s]
[

s−1, {: s} , : u
]

[v]
[

ǫ,
{

v−1 : s
}

, : t′
]By unpulling pat
hes from these last two repos, we get repos with the pat
hes {s, t, v} and

{s, u, v}, but it is not possible to make a repo 
ontaining the pat
hes {s, v}. This 
ausesproblems when we try to merge these two repos, as explained in Appendix B, so this is alsonot something that we want to allow.This explains why we require 〈

q−1, X
〉

−→ 〈X ′〉, and brings us to our destination:
113



q′ r′

y′

X ′Next we have the 
ase where the pat
h and 
on�i
tor start o� the other way round:
〈

[p] ,
[

r,X, y
]〉

←→
〈[

r′, X ′, y′
]

, [p′]
〉 if 〈p, r〉←→ 〈

r′, p′
〉

〈p′, X〉 −→ 〈X ′〉
〈p′, y〉 −→ 〈y′〉ExplanationThis is similar to the previous 
ase. We start o� here:

p r

y

XAs before, we start o� by 
ommuting p and r:
r′ p′

y

XWe now need to get X and y into the right 
ontext, and as we want 
ommute to be self-inverting, we'd better require that the 
ommute pasts su

eed, as we did in the previous
ase:
r′ p′

y′

X ′ 114



And the last and most 
omplex of the unrelated 
ases, 
ommuting a 
on�i
tor past another
on�i
tor:
〈[

rs,W, x
]

,
[

t, Y, z
]〉

←→
〈[

rt′, s′Y, z′
]

,
[

s′, t−1W,x′
]〉if N (

r−1
)

⊆ N (Y )

N
(

s−1
)

∩N (Y ) = ∅
〈

s, t
〉

←→
〈

t′, s′
〉

x ⇆ tz
∀w ∈W · (w ⇆ tz)
∀y ∈ Y · (x ⇆ ty)
〈

t−1, x
〉

−→ 〈x′〉
〈

s′, z
〉

−→ 〈z′〉ExplanationThe number of rules and side 
onditions grows, but if we take it one step at a time we 
anget through this! We start here:
r s t

x z

W YThe �rst thing to note is that we have rs where you probably expe
ted t. What we have donehere is to break up the e�e
t of the �rst 
on�i
tor into those pat
hes that both 
on�i
tors
on�i
t with, r, and those pat
hes that only the �rst 
on�i
tor 
on�i
ts with, s. r won'tmove; it'll be
ome part of the z 
on�i
tor after the 
ommute, thus maintaining the invariantthat the �rst 
on�i
tor that 
on�i
ts with a pat
h reverts it. The �rst two side 
onditionsjust say that we have 
orre
tly split up the e�e
t of the �rst 
on�i
tor.With that out of the way, let's start to look at how we perform the 
ommute. We start, asusual, by 
ommuting the e�e
ts of the two pat
hes. Now 
omes the di�
ult part: Where dowe need to 
he
k for 
on�i
ts?First let's 
onsider the repo [p] [q], where q depends on p, and the repo [u], where p 
on�i
tswith u. If we merge these as [p] [q]
[

q−1p−1, {: p, p : q} , : u
] then we 
annot 
ommute the pand q 
at
hes. Therefore, in the alternate merge [u] [u−1, {: u} , : p

]

[, {: u} , p : q] the 
at
hesshouldn't 
ommute either. Therefore we need to 
he
k that p and p : q don't 
on�i
t, or ingeneral, x ⇆ tz.Now let us 
onsider whether we need to worry about z and W 
on�i
ting. Suppose �rst were
ord o, p and q, whi
h 
on�i
t, in separate repos, and then merge them, giving us
[o]

[

o−1, {: o} , : p
]

[, {: o, : p} , : q]Next re
ord u (whi
h 
ommutes with o, p and q) and v (whi
h 
ommutes with q but not oor p) in two 
opies of this repo, and merge, giving us
[o]

[

o−1, {: o} , : p
]

[, {: o, : p} , : q] [u]
[

u−1, {: u} , : v
]Now, we 
an 
ommute u and v, giving us

[o]
[

o−1, {: o} , : p
]

[, {: o, : p} , : q] [v]
[

v−1, {: v} , : u
]115



and by the earlier rules we know that the q 
at
h does not 
ommute with the v 
at
h. Butwe 
ould also have 
ommuted q and u, giving us
[o]

[

o−1, {: o} , : p
]

[u] [, {: o′, : p′} , : q′]
[

u−1, {: u} , : v
]Now we musn't be allowed to 
ommute the q and v 
on�i
tors, and we must therefore, inthe general 
ase, 
he
k that z and W do not 
on�i
t. This gives us the ∀w ∈ W · (w ⇆ tz)side 
ondition, and by 
onsidering 
ommuting the pat
hes ba
k the other way we must alsohave ∀y ∈ Y · (x ⇆ ty).If this is satis�ed then we know that the 
ommute pasts will su

eed.This only leaves 
on�i
ts between W and Y . However, I 
laim that it is not possible toget into a situation where there are any 
on�i
ts here; Any pat
h in Y would have had tobe 
ommuted past the x 
on�i
tor at some point in order to get into this situation, andtherefore 
annot 
on�i
t with W .Con�i
ted mergeNow we get to the interesting 
ases. First, if we have a pat
h, and a 
on�i
tor that has only
on�i
ted with that pat
h, then they swap pla
es:

〈

[p] ,
[

p−1, {: p} , : q
]〉

←→
〈

[q] ,
[

q−1, {: q} , : p
]〉ExplanationThis should make sense if you 
onsider that the result of merging two 
on�i
ting pat
hes pand q is [p]

[

p−1, {: p} , : q
] (i.e., from right to left, the se
ond 
at
h represents q, 
on�i
tswith p, and as it is the �rst pat
h to 
on�i
t with p it has to invert p's e�e
t), or equivalently

[q]
[

q−1, {: p} , : q
].If we have two 
on�i
tors, but the one on the right only 
on�i
ts with the one on the left, thenit be
omes a pat
h after it has 
ommuted:

〈[

r,X, y
]

,
[

ǫ, {y} , r−1 : q
]〉

←→
〈

[q] ,
[

q−1r,
{

r−1 : q
}

∪X, y
]〉ExplanationThis 
ase 
omes up when you merge a pat
h q with a 
on�i
tor representing p. If q is the�rst in the resulting sequen
e then it is still just [q], and the q 
on�i
tor must re
ord thatit 
on�i
ts with p. On the other hand, if p 
omes after p then it must also turn into a
on�i
tor, as it needs to re
ord that is has 
on�i
ted with p.And the inverse of the previous 
ase:

〈

[p] ,
[

p−1r,
{

r−1 : p
}

∪X, y
]〉

←→
〈[

r,X, y
]

,
[

ǫ, {y} , r−1 : p
]〉ExplanationThis is just the inverse of the previous 
ase.And now the 
ase where both are 
on�i
tors, and 
on�i
t with ea
h other:

〈[

rs,W, x
]

,
[

t,
{

t−1x
}

∪ Y, z
]〉

←→
〈[

rt′, s′Y, s′z
]

,
[

s′, {z} ∪ t−1W, t−1x
]〉if 〈s, t〉←→ 〈

t′, s′
〉

N
(

r−1
)

⊆ N (Y )

N
(

s−1
)

∩N (Y ) = ∅ExplanationIn this 
ase we just move the 
on�i
t from one to the other. The splitting of the e�e
t of the
z 
on�i
tor into two parts is the same as we saw earlier, in the �unrelated� 
on�i
t-
on�i
tor
ommute. 116



FailFinally, if none of the above hold, then
〈c, d〉 ←→ failConje
ture A.7 (
at
h-
ommute-
on�i
ting-pat
hes-su

eeds)
∀(cde) ∈ R·
d ∈ C (e)⇒ (〈d, e〉 ←→ 〈 , 〉)ExplanationIf two pat
hes 
on�i
t (and thus, were merged at some point in the past), then they 
an be
ommuted.Conje
ture A.8 (
at
h-
ommute-unique)
∀(cde) ∈ R, r ∈ (C×C) ∪ {fail} , s ∈ (C×C) ∪ {fail} ·
(〈d, e〉 ←→ r) ∧ (〈d, e〉 ←→ s)⇒ r = sExplanationXXXConje
ture A.9 (
at
h-
ommute-valid)
∀(cde) ∈ R, d′ ∈ C, e′ ∈ C·
(〈d, e〉 ←→ 〈e′, d′〉)⇒ (ce′d′) ∈ RExplanationIf we have a valid repository (one in whi
h the invariants are all satis�ed) and we 
ommutetwo 
at
hes, then the result is also a valid repository.Conje
ture A.10 (
at
h-
ommute-self-inverse)
∀(cde) ∈ R, ∀d′ ∈ C, e′ ∈ C·
(〈d, e〉 ←→ 〈e′, d′〉)⇔ (〈e′, d′〉 ←→ 〈d, e〉)ExplanationXXXConje
ture A.11 (
at
h-
ommute-square)
∀(cd) ∈ R, (ce) ∈ R, ∀d′ ∈ C, e′ ∈ C·
(
〈

d−1, e
〉

←→
〈

e′, d′−1
〉

)⇔ (
〈

e−1, d
〉

←→
〈

d′, e′−1
〉

)ExplanationXXXConje
ture A.12 (
at
h-
ommute-preserves-e�e
t)
∀(cde) ∈ R, ∀d′ ∈ C, e′ ∈ C·
(〈d, e〉 ←→ 〈e′, d′〉)⇒ E (de) = E (e′d′)ExplanationXXXConje
ture A.13 (
at
h-
ommute-asso
iates)
∀(cdef) ∈ R, de ∈ C, df ∈ C, def ∈ C, ed ∈ C, ef ∈ C, edf ∈ C, fd ∈ C, fe ∈ C, fde ∈ C·

(〈e, f〉 ←→ 〈fe, ef 〉) ∧ (〈d, e〉 ←→ 〈ed, de〉) ∧ (〈de, f〉 ←→ 〈fd, def 〉)
⇔ (〈ed, fd〉 ←→ 〈fde, edf〉) ∧ (〈edf , def 〉 ←→ 〈df , ef 〉) ∧ (〈fde, df 〉 ←→ 〈d, fe〉)117



ExplanationXXX i.e. that 
ommute asso
iates, holds for 
at
hes too. Here's the diagram again for
onvenien
e:
defdfe fde fedefdedfB Named Pat
h MotivationWhen you re
ord a �pat
h� in 
amp, you 
reate a mega pat
h 
omposed of many 
at
hes (whi
h,at the point at whi
h you re
ord it, are all just pat
hes). You need to give a name to this megapat
h, but to avoid 
onfusion with the names given to pat
hes and 
at
hes we'll say that megapat
hes have a title.A non-obvious result is that, if we don't give names to pat
hes, then dependen
ies of mega pat
hes
annot behave as one would expe
t when dupli
ate 
hanges are involved. Furthermore, one 
an
onstru
t situations where the simple, natural merge algorithm fails.The detail of what is inside a 
on�i
tor is irrelevant, as this is a universal property, so for thisse
tion we will simply write [

p, q
] for a 
on�i
tor representing q that has e�e
t p.To start o� with, we re
ord a mega pat
h p in one repo, and q in another repo. p and q 
ontainthe same single pat
h. We also re
ord a mega pat
h r that depends on p, i.e. p and r do not
ommute. So we have three repos: p, q, pr.Next merge p and q, resulting in p
[

p−1, q
], and then merge this with pr, resulting in p

[

p−1, q
]

[, r].Now, this must 
ommute to pr
[

r−1p−1, q
], and we 
an then unpull the q 
on�i
tor to get pr.But going ba
k to p

[

p−1, q
]

[, r], this must also 
ommute to q
[

q−1, p
]

[, r]. But if the pat
hes in pand q are not named, and are identi
al to ea
h other, then [

p−1, q
] and [

q−1, p
] look identi
al tothe r 
on�i
tor! So this must 
ommute to qr

[

r−1q−1, p
] and again we 
an unpull to get qr. Butin the land of named pat
hes, r is supposed to depend on p!This is disturbing enough, but now suppose that we 
reate these pr and qr repos and then tryto merge them. We �rst want to get all the mega pat
hes that are 
ommon to both repos out ofthe way. We look at the titles of the mega pat
hes in ea
h repo and 
on
lude that r is 
ommonto both. We thus want to 
ommute the repos so that they are r′p′ and r′q′ respe
tively. But rdepends on p/q, so this 
ommute fails!XXX Change the /XXX Say key point is merge equates by name, 
ommute by 
ontent
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